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ABSTRACT
The main purpose of this project is to study some classes of modules namely
supplemented, weakly supplemented, ⊕-supplemented, coﬁnitely supplemented,
coﬁnitely weak supplemented and ⊕-coﬁnitely supplemented modules. Char-
acterization, examples and the closeness of each class of these kinds under
submodules, direct summands, quotients, small covers, and homomorphic
images will, in detail, be considered.
Keywords: supplemented, weakly supplemented, coﬁnitely(weak) sup-
plemented, ⊕-(coﬁnitely) supplemented.
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Chapter 1
INTRODUCTION
It is well known that supplements or addition complements of a submodule
of a given module, need not exist
[8]. As an attempt to study which module provides a supplement of each
of its submodules, the notion of the supplemented modules arises. Wisbauer
calls a module M supplemented if every submodule has a supplement in M.
In [14], the basic properties of supplemented modules are given.
In a series of papers, Zos¨chinger has obtained detailed information about
supplemented and related modules. Supplemented modules are also discussed
in [12].
The class of weakly supplemented modules was deﬁned and its properties
studied in [11]
In [1], the authors deﬁned coﬁnitely supplemented modules and obtained
a characterization and some of the properties of this new class.
In 2003 and through their paper, R. Alizade and E.Büyükaşik, deﬁned the
class of coﬁnitely weak supplemented modules, characterization, and prop-
erties were obtained [2].
Zos¨chinger called a module M ⊕-supplemented if every submodule of M
has a supplement that is a direct summand. The class of these modules was
studied by many authors [6, 7, 9, 12].
[4] and [10] independently, called a module M ⊕-coﬁnitely supplemented,
if every coﬁnite submodule of M has a supplement that is a direct summand.
This notion was also studied in [13, 15].
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In this thesis, we study some classes of modules including supplemented
modules, weakly supplemented, ⊕-supplemented, coﬁnitely supplemented,
coﬁnitely weak supplemented and ⊕-coﬁnitely supplemented. Characteriza-
tion and closeness of each class under submodules, direct summands, quo-
tients, small covers, and homomorphic images will be considered.
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Chapter 2
Preliminaries
In this chapter we will give the basics about modules. We will give the
deﬁnitions and results which we will use in this thesis. We begin with modules
and submodules.
2.1 Modules, Submodules, Sum and Inter-
section of Submodules and Direct Sum-
mands
The notion of an R-module can be considered as a generalization of the no-
tion of a vector space where scalars are allowed to be taken from a ring R
instead of a ﬁeld.
Although modules are in fact considered as a pair (M,λ) where M is an
additive abelian group and λ is a ring homomorphism from R to the ring
of endomorphisms of M, we prefer to begin with more common and simple
deﬁnition. All rings considered in this work are with unity.
Deﬁnition 2.1.1. Let R be a ring. A right R-module is an additive abelian
group M together with a mapping M × R → M , which we call a scalar
multiplication, denoted by
(m, r) 7→ mr
such that the following properties hold: for all m,n ∈M and r, s ∈ R;
1. (m+ n)r = mr + nr,
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2. m(r + s) = mr +ms,
3. m(rs) = (mr)s.
If, in addition for every m ∈ M we have m.1 = m, M is called a unitary
right R-module. If M is a right module, we denote it by MR.
Left R-module are deﬁned in an analogous way. For commutative rings,
the two notions of right and left R-module coincide. In our work all modules
will be unitary right R-modules.
Example 2.1.2. Here is a list of some elementary examples of modules:
1. Every vector space over a ﬁeld F is an F -module.
2. Every abelian group is a Z-module, where Z is the set of integers.
3. Every ring R is a module over itself.
In studying mathematical structures, the substructures generally play an
important role.
Deﬁnition 2.1.3. Let M be an R-module. A subset N of M is called a
submodule of M , notationally N ⊆ M if N is a (right ) R-module with
respect to the restriction of the addition and scalar multiplication of M to N .
The reader must be aware because in our work we use the notion N ⊆M
for a submodule relationship, not just for a set-theoretic inclusion, unless
otherwise stated. Further we denote
N &M if N is a proper submodule ofM
Lemma 2.1.4. The Submodule Criterion. ([8], Lemma 2.2.2) Let M be
an R-module. If N is a subset of M and N ̸= ∅, then the following are
equivalent:
1. N ⊆M .
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2. N is a subgroup of the additive group M and for all n ∈ N and all
r ∈ R we have nr ∈ N .
3. For all n1, n2 ∈ N, n1+n2 ∈ N (with respect to addition in M) and for
all n ∈ N and all r ∈ R, we have nr ∈ N .
Example 2.1.5. Here are some elementary examples of submodules:
1. Every module M posses the trivial submodules 0 and M , where 0 is the
submodule which contains only the zero element of M .
2. Let M be an arbitrary module and let m ∈M then
mR := {mr|r ∈ R}
is a submodule of M called the submodule generated by m.
3. If MK is a vector space over the ﬁeld K, then the submodules are so
called (linear) subspaces.
4. Submodules of Z as a Z-module are nZ, n ∈ Z.
We will give now some important deﬁnitions.
Deﬁnition 2.1.6. Let M be an R-module.
1. M is called cyclic if there exists m ∈M such that M = mR.
2. M is called simple if M ̸= 0 and 0 and M are the only submodules of
M .
3. A submodule L ⊆ M is called a maximal submodule of M , if L $ M
and for every N ⊆M such that L $ N,N = M .
The following Lemma completely characterize simple modules.
Lemma 2.1.7. Characterization of simple modules.[[8], Lemma 2.2.4]. An
R-module M is simple if and only if M ̸= 0 and for every 0 ̸= m ∈M,mR =
M .
The following Lemma gives a characterization of maximal submodules.
Lemma 2.1.8 ([8], Lemma 2.3.10). Let L $ M . Then the following are
equivalent:
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1. L is a maximal submodule of M .
2. For every m ∈M such that m ̸∈ L,mR + L = M .
Example 2.1.9. 1. The maximal submodules of ZZ are exactly the prime
ideals pZ, p =prime integer.
2. QZ has no maximal submodules.
Now we turn our attention to the operations on submodules, sum and
intersection.
Lemma 2.1.10 ([8], Lemma 2.3.1). Let Γ be a set of submodules of a module
M , then ∩
N∈Γ
N = {m ∈M |m ∈ N for all N ∈ Γ}
is a submodule of M .
Corollary 2.1.11 ([8], §2.3). ∩N∈ΓN is the largest submodule of M which
is contained in all N ∈ Γ.
Lemma 2.1.12 ([8], Lemma 2.3.2). Let X be a subset of the R-module M .
Then
L =

{∑n
j=1 xjrj|xj ∈ X, rj ∈ R, and n ∈ N
}
, if X ̸= ∅
0, if X = ∅
is a submodule of M .
The module deﬁned in the previous Lemma is called the submodule of M
generated by X . This submodule, which, if X ̸= ∅, is characterized as the
smallest submodule of M that contains X.
We will now deﬁne the generating set of a module, ﬁnitely generated mod-
ules, and cyclic modules.
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Deﬁnition 2.1.13. Let M be an R-module.
1. A nonempty subset X of M is called a generating set of M if
M =

n∑
j=1
xjrj|xj ∈ X, rj ∈ R, n ∈ N

2. M is called ﬁnitely generated if M has a ﬁnite generating set X. More-
over if X = {x1, x2, ..., xk}, we write M = x1R + x2R + ...+ xkR.
3. M is called cyclic if there exists a single generating element x ∈ M
such that M = xR
Example 2.1.14. Here are some examples to clarify the previous deﬁnitions:
1. If R is a ring, then {1} is a generating set of RR.
2. QZ is not ﬁnitely generated.
Finitely generated modules have the following interesting property.
Corollary 2.1.15 ([8], Corollary 2.3.12). Every ﬁnitely generated module
M ̸= 0 has a maximal submodule.
We are now ready to deﬁne the sum of submodules.
Deﬁnition 2.1.16. Let Γ = {Ni|i ∈ I} be a set of submodules Ni ⊂M , then
∑
i∈I
Ni =

{∑
j∈J nj|nj ∈ Nj, J ⊂ I and J is ﬁnite
}
, if Γ ̸= ∅,
0, if Γ = ∅
is called the sum of submodules {Ni|i ∈ I} .
While ∩Ni∈ΓNi is the largest submodule of M contained in all Ni ∈ Γ,∑
Ni∈ΓNi is the smallest submodule of M which contains all Ni ∈ Γ.
These constructions posses some important properties, ﬁrst of which is
the Modular Law.
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Lemma 2.1.17. Modular Law([8], Lemma 2.3.15) If N,L,K are submodules
of M, L ⊆ N , then
N ∩ (L+K) = L+ (N ∩K).
Lemma 2.1.18 ([14], §41.2). Let N,K,L be submodules of an R-module M ,
then
N ∩ (L+K) ⊂ L ∩ (N +K) +K ∩ (L+N).
Proof. For n ∈ N and n ∈ L +K,n = l + k. Rearranging the last equality,
we have l = n− k ∈ L∩ (N +K) and similarly k = n− l ∈ K ∩ (N +L). So
for n = l + k, n ∈ L ∩ (N +K) +K ∩ (L+N)
Finitely generated modules written as sum of submodules, have this fas-
cinating characterization.
Theorem 2.1.19 ([8], Theorem 2.3.13)). An R-module M is ﬁnitely gen-
erated if and only if there is in every set {Ni|i ∈ I} of submodules Ni ⊂ M
with ∑
i∈I
Ni = M
a ﬁnite subset {Ni|i ∈ I0} (i.e.I0 ⊂ I and I0 is ﬁnite) such that∑
i∈I0
Ni = M.
Now we deﬁne the internal direct sum.
Deﬁnition 2.1.20. An R-module M is called the internal direct sum of the
set {Ni|i ∈ I} of submodules Ni ⊂M in symbols, M =⊕i∈I Ni, if
1. M = ∑i∈I Ni, and,
2. For every j ∈ I,Nj ∩ (∑i ̸=j Ni) = 0
In the case of a ﬁnite index set, say I = {1, ..., k}, M is written as
M = N1 ⊕N2 ⊕ ...⊕Nk.
The previous deﬁnition is equivalent to: For every m ∈M the representation
m = ∑i∈I0 ni with ni ∈ Ni, I0 a ﬁnite subset of I, is unique.
Also, for every j ∈ I, we have M = Nj ⊕∑i ̸=j Ni
Strongly related to the notion of internal direct sum, is the notion of di-
rect summand, which we introduce now.
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Deﬁnition 2.1.21. A submodule N ⊆ M is called a direct summand of M
if there exists L ⊆M such that M = N ⊕ L
From this deﬁnition one can deduce:
1. 0 and M are trivial direct summands of M .
2. In ZZ , 0 and Z itself are the only direct summands.
2.2 Factor Modules and Module Homomor-
phism
In this section we will introduce two concepts which will play an important
role in our research.
Deﬁnition 2.2.1. Let M be an R-module and N be a submodule of M . Then
the set of cosets
M/N = {m+N |m ∈M}
is a right R-module if we deﬁne the addition and scalar multiplication as
(m1 +N) + (m2 +N) = (m1 +m2) +N, (m+N)r = mr +N.
This new module is called the factor module of M modulo N .
The next Theorem characterize the submodules of factor modules.
Theorem 2.2.2. Correspondence Theorem. ([3], proposition 2.9). Let K be
a submodule of an R-module M . Then there is an isomorphism between the
set of submodules of M/K and the set of submodules of M which contains K.
That is, the submodules of M/K have the form N/K where N is a submodule
of M which contains K.
As a direct consequence of the previous Theorem, we present this corol-
lary.
Corollary 2.2.3. ([3],proposition 2.9.) A factor module M/K is simple if
and only if K is a maximal submodule of M .
The Correspondence Theorem induces the following two important asser-
tions ([8], §9.1):
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(a) The maximal submodules of M/K are the factor modules N/K with
N maximal in M and K ⊆ N .
(b) If {Ni|i ∈ I} is a family of submodules of M , and for every i ∈ I,K ⊆
Ni, then we have: ∩
(Ni/K) = (
∩
Ni)/K.
Now we deﬁne module homomorphism.
Deﬁnition 2.2.4. Let M,N be R-modules. A function f : M → N is called
an R-module homomorphism if, for all m1,m2 ∈M and for all r ∈ R,
(i) f(m1 +m2) = f(m1) + f(m2);
(ii) f(m1r) = f(m1)r
Special names are given to homomorphism which satisfy certain proper-
ties. An onto homomorphism is called an epimorphism, and a one-to-one
homomorphism is called a monomorphism. A one-to-one and onto module
homomorphism is called an isomorphism. If there is an isomorphism between
two modules M and N we say that M and N are isomorphic and denote it by
M ∼= N .
We will present now some important examples of homomorphisms:
1. The inclusion(monomorphism) of a submodule K ⊂ M, i : K → M
deﬁned via
i(k) = k ∈M (k ∈ K)
2. The natural (canonical) epimorphism pi of a module M onto the factor
module M/K where K ⊆M,pi : M →M/K deﬁned via
pi(m) = m+K
The homomorphism pi is used in the following to mean the canoni-
cal(natural) epimorphism but with changing notation for domain and
codomain.
3. Let K be a direct summand of M , so M = K ⊕ L for some L ⊂ M ,
then
PK(k + l) = k (k ∈ K, l ∈ L)
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deﬁnes an epimorphism
PK : M → K
called the projection of M on K along L , moreover, KerPK = L
([3], proposition 5.4)
Let f : M → N be a homomorphism. For K ⊂M,L ⊂ N , we deﬁne
The image of K = f(K) = {f(k)|k ∈ K}
The inverse image of L = f−1(L) = {m ∈M |f(m) ∈ L}
These are readily seen to be submodules of N and M , respectively. In
particular we have:
(a) Im f = f(M) is a submodule ofN , and for everyK ⊆M, f(K) ⊆ Imf .
(b) Kerf = f−1(0) is a submodule of M , and for every L ⊆ N , Kerf ⊆
f−1(L).
Still more is given by the following Lemma.
Lemma 2.2.5 ([8], Lemma 3.1.8). Let f : M → N be a homomorphism.
Then we have
1. K ⊆M ⇒ f−1(f(K)) = K +Kerf .
2. L ⊆ N ⇒ f(f−1(L)) = L ∩ Imf .
3. Let also g : N → T be a homomorphism. Then
Ker(gf) = f−1(Ker g) and Im(gf) = g(Im f).
Image and inverse image of sum and intersection of submodules is the
content of the following Lemma.
Lemma 2.2.6 ([8], Lemma 3.1.10). Let f : M → N be a given homomor-
phism, with a set {Mi|i ∈ I} of submodules of M and a set {Nj|j ∈ J} of
submodules of N . Then we have
(a) f(∑i∈I Mi) = ∑i∈I f(Mi), f−1(∩j∈J Nj) = ∩j∈J f−1(Nj).
(b) f−1(∑j∈J Nj) ⊇ ∑j∈J f−1(Nj), f(∩i∈I Mi) ⊆ ∩i∈I f(Mi).
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In our work yet a special case of the previous Lemma is also needed,
which is given as an exercise in ([8]). Here we present the exercise and prove
it.
Lemma 2.2.7. ([8], Exercise(3) §3)
(a) If f : M → N is a homomorphism such that K ⊆M and L ⊆ N , then
f−1(f(K) + L) = K + f−1(L).
(b) If f : M → N is a homomorphism such that K ⊆M and L ⊆ N , then
f(f−1(L) ∩K) = L ∩ f(K).
Proof. (a) Using Lemma 2.2.6 (a) we have
f(K+f−1(L)) = f(K)+(L∩Imf) = Imf ∩(f(K)+L) = f(f−1(f(K)+L)).
Taking the inverse image of the two equal sets we have
f−1(f(K + f−1(L))) = K + f−1(L) +Kerf = K + f−1(L).
On the other hand
f−1(f(f−1(f(K) + L))) = f−1(f(K) + L) +Kerf = f−1(f(K) + L).
So
f−1(f(K) + L) = K + f−1(L).
(b) Using Lemma 2.2.6 (a) we have
f−1(L∩f(K)) = f−1(L)∩f−1(f(K)) = f−1(L)∩(K+Kerf) = (f−1(L)∩K)+Kerf,
as Kerf ⊆ f−1(L) and using the Modular Law. Now taking the image of the
two equal sets we have
f(f−1(L ∩ f(K))) = L ∩ f(K) ∩ Imf = L ∩ f(K),
on the other hand
f(f−1(L) ∩K +Kerf) = f(f−1(L) ∩K).
So we have
f(f−1(L) ∩K) = L ∩ f(K).
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Theorem 2.2.8. Isomorphism Theorems ([3], corollary 3.7) Let M,N be
R-modules.
1. If f : M → N is an epimorphism with Kerf = K, then there is a
unique isomorphism
η : M/K → N
such that
η(m+K) = f(m) for all m ∈M.
2. If K and L are submodules of M such that K ⊆ L then
(M/K)/(L/K) ∼= M/L.
3. If H and K are submodules of M , then
(H +K)/K ∼= H/(H ∩K).
In particular: If K is a direct summand of M , i.e., M = K ⊕H then,
M/K = (H +K)/K ∼= H/(H ∩K) ∼= H.
Lemma 2.2.9. Let f : M → N be a module homomorphism, and L be a
generating set of M . Then
1. f(L) is a generating set of Imf , and so
2. If M is ﬁnitely generated, then Imf is also ﬁnitely generated.
Using the canonical epimorphism pi : M → M/N , and the previous
Lemma(2), we easily see that factor modules of ﬁnitely generated mod-
ules are also ﬁnitely generated.
Toward understanding of the factor module Q/Z, we need more deﬁni-
tions and results.
Let M be a Z-module. M is called a torsion module(torsion group) if,
for every a ∈M , there exists a nonzero n ∈ N with na = 0.
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M is called a p-torsion module (p-group), for a prime number p, if, for
every a ∈M , there exists k ∈ N with pka = 0.
The torsion submodule of M is deﬁned as
t(M) = {a ∈M |na = 0 for some n ∈ N},
the p-component of M is
Mp = {a ∈M |pka = 0 for some k ∈ N}.
If t(M) = 0, then M is called torsion free. Recall that we use the notation
Zn = Z/nZ for n ∈ N .
Torsion modules over Z have an important property as revealed by the
following Theorem.
Theorem 2.2.10. ( [14], §15.10).
1. Every torsion module M over Z is a direct sum of its
p-components: M =⊕{Mp|p a prime number}.
2. The p-component of Q/Z is denoted by Zp∞ (prüfer group) and
Q/Z =
⊕{Zp∞ |p a prime number}.
2.3 Radical of module, Small submodules and
Small Homomorphism
In this section we will introduce some concepts of crucial role in our work,
and study their properties.
Deﬁnition 2.3.1. Let M be an R-module.
1. A submodule K of M is called small or superﬂuous , denoted by K ≪
M , if for every submodule N of M , K +N = M implies N = M .
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2. An epimorphism f : M → N is called small if Kerf ≪ M . In this
case, M is called a small cover of N .
Obviously K ≪ M if and only if the canonical map pi : M → M/K is a
small epimorphism.
Example 2.3.2. 1. Every ﬁnitely generated submodule of QZ is small in
QZ([8], §5.1).
2. Every nontrivial submodule of Zp∞ is small([3], §5).
3. In ZZ there is no nonzero small submodules.
The following Lemma gives some important properties of small submod-
ules and small epimorphisms.
Lemma 2.3.3. [[14], §19.3] Let K,L,N and M be R-modules.
1. If f : M → N and g : N → L are two epimorphisms, then gf is small
if and only if f and g are small epimorphisms.
2. If K ⊂ L ⊆M , then L≪M if and only if K ≪M and L/K ≪M/K.
3. If K1, ..., Kn are small submodules of M , then K1 + ... + Kn is also
small in M .
4. For K ≪ M and f : M → N we get f(K) ≪ N . In particular, if
K ≪ L ⊂M then K ≪M (Consider the inclusion map i : L→M).
5. If K ⊆ L ⊆M and L is a direct summand in M , then K ≪M if and
only if K ≪ L.
The previous Lemma shows that the image of a small submodule is again
small. Now we will show that the inverse image of a small submodule under
a small epimorphism, is also small.
Lemma 2.3.4. [[8] ] Let f : M → N be a small epimorphism and L ≪ N
then f−1(L)≪M .
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Proof. Assume f−1(L) + X = M for some submodule X ⊆ M . Now N =
f(f−1(L)+X) = f(f−1(L))+f(X). As f is an epimorphism, f(f−1(L)) = L
⇒ L + f(X) = N ⇒ f(X) = N ⇒ f−1(f(X)) = X + Kerf = M. But
Kerf ≪M so X = M hence f−1(L)≪M .
The following result will prove useful in our work.
Lemma 2.3.5 ([14], §19.6). Let K be a small submodule of an R-module M .
Then M is ﬁnitely generated if and only if M/K is ﬁnitely generated.
Now we deﬁne the radical of a module.
Deﬁnition 2.3.6. Let M be an R-module. we deﬁne the radical of M as
the intersection of all maximal submodules of M . We denote the radical of
M by Rad(M). If M has no maximal submodules we set Rad(M) = M .
Now we list some basic properties of the radical.
Proposition 2.3.7 ([14], §21.5). For an R-module M , we have
Rad(M) =
∑ {K ⊆M |K ≪M}
It follows from the deﬁnition:
1. Rad (ZZ) = 0 since, we know, 0 is the only small submodule(ideal) in
Z.
2. Rad(QZ) = Q, since for every q ∈ Q, qZ is small in Q. This is equiva-
lent to saying that Q has no maximal submodules.
Proposition 2.3.8 ([14], §21.6). Let M be an R-module.
1. For a homomorphism f : M → N , we have
(i) f(Rad(M)) ⊆ Rad(N),
(ii) Rad(M/Rad(M)) = 0,
(iii) f(Rad(M)) = Rad(f(M)) if Kerf ⊆ Rad(M).
2. If M = ⊕I Mi, then
(i) Rad (M) = ⊕I Rad(Mi) and
(ii) M/Rad(M) ∼= ⊕I Mi/Rad(Mi).
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Using the radical of a module, the following Theorem present further
characterization for ﬁnitely generated modules.
Theorem 2.3.9. ([8], Theorem 9.4.1). Let M be an R-module, then M is
ﬁnitely generated if and only if we have:
(a) Rad(M) is small in M , and
(b) M/Rad(M) is ﬁnitely generated.
19
Chapter 3
Supplemented Modules
In this chapter we will investigate the properties of supplemented modules,
and give some examples on this class of modules. Throughout R will be a
ring with unity, and all modules will be unitary right R-modules. We start
with characteristics of a supplement submodule.
3.1 Supplements and Their Properties
Before giving the deﬁnitions, let us talk about the motivation for studying
supplemented modules.
In module theory, decomposition of a module into direct sum of sub-
modules, if possible, is a very important subject and many areas of module
theory are related to this. In general, a submodule need not be a direct sum-
mand, and as an attempt to generalize the concept of direct summand, the
notion of supplement submodules and related concepts arise in the literature.
Deﬁnition 3.1.1. Let N be a submodule of an R-module M . A submodule
K ⊆ M is called a supplement or addition complement of N in M if K is
minimal in the set of submodules L ⊆ M with N + L = M . A submodule
K ⊆ M is called a supplement, if it is a supplement of some submodule of
M .
The following Lemma provides a criterion to check when a submodule is
a supplement.
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Lemma 3.1.2 ([12], Lemma 4.5). Let N be a submodule of the R-module
M . A submodule K is a supplement of N in M if and only if M = N +K
and N ∩K ≪ K.
Proof. If K is a supplement of N and X ⊆ K with N ∩K +X = K, then
we have M = N +K = N + (N ∩K) +X = N +X, hence X = K by the
minimality of K. Thus N ∩K ≪ K.
On the other hand, let M = N +K and N ∩K ≪ K. For X ⊆ K with
X +N = M , we have K = K ∩N +X(modular law), thus X = K. Hence
K is minimal in the desired sense.
Observe that every direct summand satisfy the criterion for a supplement
as desired. For if N is a direct summand of M , say M = N ⊕ K for some
K ⊆ M,N ∩ K = 0 ≪ N , which by the previous Lemma, means N is a
supplement of K.
Properties of supplements are given by the following Lemma.
Lemma 3.1.3 ([14], §41.1). Let N,K be submodules of the R-module M .
Assume K is a supplement of N in M . Then:
1. If L+K = M for some L ⊆ N then K is a supplement of L.
2. If M is ﬁnitely generated, then K is also ﬁnitely generated.
3. If N is a maximal submodule ofM , then K is cyclic, and N∩K =Rad(K)
is a (the unique) maximal submodule of K.
4. If L≪M , then K is a supplement of N + L.
5. For L≪M we have K ∩ L≪ K and so Rad(K) = K∩ Rad(M).
6. For L ⊆ N, (K + L)/L is a supplement of N/L in M/L.
Proof. 1. Let L+K = M for some L ⊆ N . As L ∩K ⊆ N ∩K ≪ K,K
is a supplement of L in M by Lemma 3.1.2.
2. Let M be ﬁnitely generated. Since N + K = M , there is a ﬁnitely
generated submodule X ⊆ K with N +X = M . By minimality of K
this means X = K.
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3. By 2.2.8(3), we have M/N ∼= K/(N ∩K). So K/(N ∩K) is simple,
i.e. K = xR + (N ∩K) for some x ∈ K, but N ∩K ≪ K so we have
K = xR(i.e. K is cyclic).
Also since K/(K ∩ N) ∼= M/N,N ∩K is a maximal submodule of K
and N ∩ K ⊇ Rad(K). But N ∩ K ≪ K so N ∩ K ⊆ Rad(K) and
hence N ∩K = Rad(K).
4. If L≪M and X ⊆ K with N+L+X = M then, as L≪M,N+X =
M hence X = K. Trivially M = N + L+K.
5. Let L≪M and X ⊆ K with (L∩K) +X = K. Then M = N +K =
N + (L ∩K) +X = X + N(L ∩K ⊆ L ≪ M), hence X = K by the
minimality of K, i.e. L∩K ≪ K. This yields K∩Rad(M) ⊆ Rad(K).
By 2.3.3(4), Rad(K) ⊆ K∩Rad(M) always holds, so we get the desired
equality.
6. For L ⊆ N , we have N ∩ (K + L) = (N ∩K) + L(Modular Law), and
(N/L)∩ [(K +L)/L] = [(N ∩K)+L]/L. Since N ∩K ≪ K, it follows
that [(N ∩ K) + L]/L ≪ (K + L)/L(image of small submodule, see
Lemma 2.3.3(4).
Also (N/L)+[(K+L)/L] = M/L, whence by Lemma 3.1.2, (K+L)/L
is a supplement of N/L in M/L.
3.2 Characterization and Properties of Sup-
plemented modules
As supplement submodules need not exist, e.g., no nontrivial submodules of
ZZ has a supplement, diﬀerent kinds of modules relative to supplements were
deﬁned and studied in the literature.
Deﬁnition 3.2.1. An R-module M is called supplemented if every submod-
ule of M has a supplement in M .
Before we begin the basic part in our work, let us note that diﬀerent
terminology for types of supplemented modules, is used by diﬀerent authors.
For example, supplemented modules in [12] are called amply supplemented
modules in [14].
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As a corollary for Lemma 3.1.3 (6), we can begin with the following
immediate result which exhibit the ﬁrst property of a supplemented module.
Corollary 3.2.2. Every factor module of a supplemented module is supple-
mented .
Proof. For K ⊆ L ⊆M with M supplemented, L has a supplement N in M ,
we get by Lemma 3.1.3 (6), (N +K)/K is a supplement of L/K in M/K.
As a consequence of the previous Corollary, we present a fascinating prop-
erty of supplemented modules. An R-module M is called semisimple if M is
the sum of simple submodules, or equivalently, if every submodule of M is a
direct summand.
Corollary 3.2.3 ([14], §41.2(3)(ii)). Let M be a supplemented module then
M/Rad(M) is semisimple.
Proof. Let L/Rad(M) ⊆ M/Rad(M), then by the previous Corollary, there
exists a submoduleN/Rad(M) such that L/Rad(M)+N/Rad(M) = M/Rad(M)
and L/Rad(M)∩N/Rad(M)≪M/Rad(M). But since Rad(M/Rad(M)) =
0, then L/Rad(M)∩N/Rad(M) = 0. So L/Rad(M) is a direct summand of
M/Rad(M).
Motivated by the fact that homomorphic image of small submodule is
again small, we study homomorphic images of supplemented modules. First
consider this Lemma.
Lemma 3.2.4. If f : M → N is a homomorphism and a submodule L
containing Kerf has a supplement in M , then f(L) has a supplement in
f(M).
Proof. If K is a supplement of L, then f(M) = f(L + K) = f(L) + f(K)
and since L ∩K ≪ K we have, f(L ∩K) ≪ f(K) by Lemma 2.3.3(4). As
Kerf ⊆ L,
f(L ∩K) = f((L+Kerf) ∩K) = f(f−1f(L) ∩K) = f(L) ∩ f(K).
So f(K) is a supplement of f(L) in f(M).
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Corollary 3.2.5. A homomorphic image of a supplemented module is sup-
plemented.
Proof. Let f : M → N be a homomorphism, and M be a supplemented
module. Suppose X a submodule of f(M) then f−1(X) ⊂M so it has K as
a supplement in M , hence by the previous Lemma f(K) is a supplement of
f(f−1(X) = X.
A moduleM is called a small cover of N if there exit a small epimorphism
f : M → N, i.e., Kerf ≪ M . We will see below that the inverse image of a
supplemented module under small epimorphism is supplemented.
Lemma 3.2.6. If f : M → N is a small epimorphism then a submodule L
of M has a supplement in M if and only if f(L) has a supplement in N .
Proof. If K is a supplement of L in M , then by Lemma 3.1.3(4), K is a
supplement of L+Kerf as well. And by Lemma 3.2.4, f(L) = f(L+Kerf)
has a supplement in N .
Now let f(L) has a supplement T in N i.e f(L) + T = N and f(L)∩ T ≪ T
then
f−1(N) = M = L+ f−1(T ).
But
f−1(f(L) ∩ T ) = (L+Kerf) ∩ f−1(T )≪ f−1(T ),
by Lemma 2.3.4. As L ∩ f−1(T ) ⊂ (L + Kerf) ∩ f−1(T ) ≪ f−1(T ), f−1(T )
is a supplement of L.
Corollary 3.2.7. A small cover of a supplemented module is supplemented.
Proof. Let f : M → N be a small epimorphism, N be supplemented, and
assume L ⊂ M then f(L) ⊂ N , so it has a supplement in N . Now by the
previous Lemma, L has also a supplement in M .
Supplements of supplemented module inherit this property by the follow-
ing corollary.
24
Corollary 3.2.8. Every supplement submodule of a supplemented module is
supplemented.
Proof. Let V be a supplement of U , with M supplemented then
M/U = (U + V )/U ∼= V/(U ∩ V )⇒ V/(U ∩ V ) is supplemented,
since M/U is supplemented. Now the canonical map pi : V → V/(U ∩V ) is a
small epimorphism Since U∩V ≪ V . i.e, V is a small cover of a supplemented
module, hence by the previous Corollary V is supplemented.
Corollary 3.2.9. Every direct summand of a supplemented module is sup-
plemented.
Proof. Every direct summand is a supplement, so by the previous Corollary,
is supplemented.
In order to show that a ﬁnite sum of supplemented modules is supple-
mented, we need the following two results.
Lemma 3.2.10 ([6], Lemma 1.3). Let N and L be submodules of M , such
that N +L has a supplement H in M and N ∩ (H +L) has a supplement G
in N , then H +G is a supplement of L in M .
Proof. Let H be a supplement of N + L in M and let G be a supplement of
N ∩ (H + L) in N . Then
M = N + L+H and H ∩ (N + L)≪ H, and
N = N ∩ (H + L) +G and N ∩G ∩ (H + L) = (H + L) ∩G≪ G
Now we have
(H +G) ∩ L ⊆ H ∩ (L+G) +G ∩ (L+H)
⊆ H ∩ (L+N) +G ∩ (L+H)
≪ H +G, and
H +G+ L = N ∩ (H + L) +H + L+G = N +H + L = M.
So H +G is a supplement of L in M .
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We state now ([14], 41.2(1)) and prove it using the general previous
lemma.
Proposition 3.2.11. LetM1, U be submodules ofM , withM1 supplemented.
If there is a supplement of M1 + U in M , then U has a supplement in M .
Proof. LetH be a supplement ofM1+U inM , and sinceM1 is supplemented,
let G be a supplement of M1 ∩ (H +U) in M1, then by the previous Lemma
H +G is a supplement of U in M .
Now we are ready to prove that the class of supplemented modules is
closed under ﬁnite sums.
Corollary 3.2.12. Every ﬁnite (direct) sum of supplemented modules is sup-
plemented.
Proof. It suﬃces by induction to show that if M = M1 +M2 with M1,M2
supplemented, then M is supplemented.
Let U ⊆M , then M1+M2+U = M . Now M1+M2+U trivially has a sup-
plement in M, and as M1 is supplemented, then by the previous Proposition
M2 +U has a supplement. Since M2 is supplemented, applying the previous
Proposition once more, we have U has a supplement in M .
We will present here some examples:
Example 3.2.13. 1. ZZ is not a supplemented module, since every nonzero
submodule of Z is not small.
2. A Z-module M is supplemented if and only if M is a torsion module
and for every prime the submodule Mp is a direct sum of an artinian
module and a module with bounded order.[[6], § 1].
QZ is not torsion, so it is not supplemented. Also Q/Z is not supple-
mented, for, if Q/Z is a supplemented module and consider the small
epimorphism pi : Q→ Q/Z. Then it follows by Corollary 3.2.7, that Q
is supplemented, contradicting our argument above about QZ.
3. We call a nonzero R-module M hollow if every proper submodule is
small in M . If M has a largest submodule, i.e., a proper submodule
which contains all other proper submodules, then M is called a local
module.
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Every local module is hollow, for if M is local with largest submodule
L $ M and K,N are proper submodules of M , hence contained in L,
then K +N ⊆ L ̸= M which implies that any proper submodule of M
is small.
Note that every hollow (local) module is supplemented, in fact M is a
supplement of every proper submodule in M ; for every K $ M , we
have:
K +M = M and K ∩M = K ≪M,
which characterizes M as a supplement for every proper submodule of
M .
4. An inﬁnite sum of supplemented modules needs not be supplemented.
Consider Q/Z = ⊕{Zp∞|p a prime number}. Each p-component Zp∞
of Q/Z is hollow, hence is supplemented, but by 2) Q/Z is not supple-
mented.
In fact we will return to local modules for further inspection in the fol-
lowing chapter.
The following Lemma, which proves to be of great usefulness in our work,
tells about the nature of a supplement of a maximal submodule.
Lemma 3.2.14 ([14], §41.1(3)). A supplement of a maximal submodule of
an R-module M is local.
Proof. Let U be a maximal submodule of the R-module M . Assume V is
a supplement of U in M . Now
M = U + V and U ∩ V ≪ V ⇒ V/(U ∩ V ) ∼= M/U,
so U ∩ V is a maximal submodule of V , hence Rad(V ) ⊆ U ∩ V and since
U ∩ V ≪ V , then U ∩ V ⊆ Rad(V )⇒ Rad(V ) = U ∩ V and Rad(V )≪ V .
Let L ⊆ V, L ̸= V such that L * Rad(V ), then Rad(V ) +L = V by
maximality of Rad (V ). But Rad(V ) ≪ V ⇒ L = V , a contradiction. So
we have for any proper submodule of V , is a submodule of Rad(V ), whence
Rad(V ) is a largest submodule of V , i.e., V is local.
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We end this section with a characterization of ﬁnitely generated supple-
mented modules. If M = ∑ΛMλ, then this sum is called irredundant if, for
every λ0 ∈ Λ,∑λ ̸=λ0 Mλ ̸= M holds.
Recall by [14], 21.6(7), if M/Rad(M) is semisimple and Rad(M)≪M then
every proper submodule of M is contained in a maximal submodule.
Theorem 3.2.15 ([14], §41.6). 1. For a ﬁnitely generated module M , the
following are equivalent:
(a) M is a supplemented module.
(b) Every maximal submodule of M has a supplement in M .
(c) M is a sum of hollow modules.
(d) M is an irredundant (ﬁnite) sum of local submodules.
2. If M is supplemented and Rad(M) ≪ M then M is an irredundant
sum of local modules.
Proof. 1. a)⇒ b) Trivial.
b)⇒ c) Let H be the sum of all hollow submodules of M and assume
H ̸= M . Since M is ﬁnitely generated then there is a maximal sub-
module N ⊆ M with H ⊆ N , and a supplement L of N in M . By
Lemma 3.2.14, L is local (hollow) and we have L ⊆ H ⊆ N , contradic-
tion to L+N = M . So we must have H = M .
c) ⇒ d) Let M = ∑Λ Lλ with hollow submodules Lλ ⊆ M then
M/Rad(M) = ∑Λ(Lλ + Rad(M))/Rad(M). Since Rad(Lλ) ⊆ Lλ ∩
Rad(M) ⊆ Rad(M) ≪ M and (Lλ + Rad(M))/Rad(M) ∼= Lλ/(Lλ ∩
Rad(M)), these factors are simple or zero, we obtain a representation,
M/Rad(M) = ⊕Λ´(Lλ + Rad(M))/Rad(M), and(since Rad(M) ≪ M)
an irredundant sum M = ∑Λ´ Lλ with local modules Lλ, λ ∈ Λ´ ⊂ Λ.
d)⇒ a) Let M = ∑ni=1 Li with Li is local for each 1 ≤ i ≤ n. Being a
local module, each Li is supplemented, and by Corollary 3.2.12, M is
supplemented.
2. Let M be a supplemented module, then M/Rad(M) is semisimple by
Corollary 3.2.3. Assume H is the sum of all local submodules of M ,
and suppose H ̸= M then there exists a maximal submodule N ⊆ M
with H ⊆ N and a supplement L of N in M . By Lemma 3.2.14, L is
local and so L ⊆ H ⊆ N , implying N +L = N ̸= M . So we must have
H = M .
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Chapter 4
Types of Supplemented
Modules
4.1 Coﬁnitely Supplemented Modules
In this section we study a new special type of supplemented modules. A
module which has a supplement for special types of its submodules. Similar
properties are investigated in detail to reveal whether this new class share
common properties with the class of supplemented modules.
The ﬁrst part of this section is devoted to studying special type of sub-
modules of a given module; the coﬁnite submodules and their properties.
We begin with the deﬁnition.
Deﬁnition 4.1.1. A submodule N of an R-module M is called coﬁnite if
the factor module M/N is ﬁnitely generated.
The coﬁnite submodule has an important property to which we will refer
several times in the sequel, as shown by the following Remark,
Remark: If N is coﬁnite then every submodule containing N is also
coﬁnite due to the Isomorphism Theorem(2);
If N ⊆ L ⊆M, then M/L ∼= (M/N)/(L/N),
and since the latter module is ﬁnitely generated, being a factor module of the
ﬁnitely generated module M/N , its homomorphic(isomorphic) image, M/L,
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share this property.
The most important examples of coﬁnite submodules in the R-module
M , are the maximal submodules. This is because if L ⊂ M is a maximal
submodule, then M/L is simple, i.e., M/L is generated by each of its ele-
ments by the characterization of simple modules.
Recall a supplement K of L in M means M = K + L and L ∩ K ≪ K.
We have showed that a supplement of a maximal submodule is local, in the
following we investigate in the nature of supplements of coﬁnite submodules.
It was shown that supplements in a ﬁnitely generated module are again
ﬁnitely generated(see Lemma 3.1.3(2)). Now a stronger result concerning
supplements of coﬁnite submodules, is shown by the following Lemma.
Lemma 4.1.2 ([2], §2). Let K,L be submodules of M , if K is coﬁnite and
L is a supplement of K, then L is ﬁnitely generated.
Proof. Assume K is a coﬁnite submodule of a module M , and let L be a
supplement of K, then
L/(L ∩K) ∼= (L+K)/K = M/K,
so L ∩K is a coﬁnite submodule of L which implies L = x1R + x2R + ... +
xnR+K ∩L. But L∩K ≪ L so L = x1R+x2R+ ...+xnR. i.e, L is ﬁnitely
generated.
Recall, by [14], M is called Local if M has a largest submodule i.e a
proper submodule which contains all other proper submodules.
Before we proceed it is reasonably important to investigate local modules.
The following Lemma reveals some important properties of local modules.
Lemma 4.1.3. Let M be an R-module. If M is a local module, then
1. Rad(M) is the largest submodule of M and Rad(M)≪M .
2. M is supplemented.
3. M is ﬁnitely generated, speciﬁcally, cyclic.
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Proof. 1. Assume M with a largest proper submodule L. For K $ M ,
K ⊆ L so K + L = L ̸= M hence L≪ M i.e., L ⊆ Rad(M). But L is
maximal in M because:
for m ̸∈ L, if L+mR ̸= M then L+mR ⊆ L⇒ mR ⊆ L⇒ m ∈ L.
Now Rad(M) ⊆ L⇒ L = Rad(M).
2. By (1), for everyK $M,K ⊆ L = Rad(M)≪M ⇒ K ≪M . Clearly
K +M = M and K ∩M = K ≪ M , so by the characterization of a
supplement Lemma 3.1.2, M is a supplement of K.
3. We have shown that Rad(M) is a maximal submodule of M and hence
M/Rad(M) is simple, i.e., M/Rad(M) is ﬁnitely generated(cyclic), so
by Theorem 2.3.9, M is ﬁnitely generated.
Local modules exhibit examples for modules in which every submodule is
coﬁnite because it is itself ﬁnitely generated by the previous Lemma.
The following Lemma deals with sum involving local summands.
Lemma 4.1.4. ([1], Lemma 2.9). Let Li(1 ≤ i ≤ n) be a ﬁnite collection
of local submodules of a module M and let N be a submodule of M such that
N + L1 + ... + Ln has a supplement K in M . Then there exists a(possibly
empty)subset I of (1, ..., n) such that K + ∑i∈I Li is a supplement of N in
M .
Proof. Suppose ﬁrst n = 1. Consider the submodule H = L1 ∩ (N +K) of
L1. If H = L1, then 0 is a supplement of H in L1, and by Lemma 3.2.10,
K = K +0 is a supplement of N in M . If H ̸= L1 then, since L1 is local, L1
is a supplement of H in L1 and in this case K + L1 is a supplement of N in
M , again by Lemma 3.2.10. This proves the result when n = 1.
Suppose n > 1. By induction on n, there exists a subset J of {2, ..., n}
such that K +∑i∈J Li is a supplement of N +L1 in M . Now the case n = 1
shows that either K +∑i∈J Li or K + L1 +∑i∈J Li is a supplement of N in
M .
In the following we investigate homomorphic image and the inverse image
of a coﬁnite submodules.
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Lemma 4.1.5. Let f : M → N be an epimorphism. Then
(a) Let X be a coﬁnite submodule of M . Then f(X) is a coﬁnite submodule
of N .
(b) Let Y be a coﬁnite submodule of N . Then f−1(Y ) is a coﬁnite submod-
ule of M .
Proof. Recall by the Isomorphism Theorem (1), N ∼= M/Kerf
(a) Let X be a coﬁnite submodule of M , then
N/f(X) ∼= (M/Kerf)/(f−1(f(X))/Kerf) ∼= M/f−1(f(X)) = M/(X+Kerf).
But X + Ker f is coﬁnite in M by containing the coﬁnite submodule
X, so f(X) is a coﬁnite submodule of N .
(b) Let Y be a coﬁnite submodule of N , then
M/f−1(Y ) ∼= (M/Ker f)/(f−1(Y )/Ker f) ∼= N/f(f−1(Y )) = N/Y,
the last equality holds since f is an epimorphism. Since Y is coﬁnite
in N , then f−1(Y ) is a coﬁnite submodule of M .
We will now begin our basic part in this section by the following Deﬁni-
tion.
Deﬁnition 4.1.6. An R-module M is called coﬁnitely supplemented if every
coﬁnite submodule of M has a supplement in M .
Clearly supplemented modules are coﬁnitely supplemented. Also ﬁnitely
generated coﬁnitely supplemented modules are supplemented, for then every
submodule of it is coﬁnite.In general, it is not true that every coﬁnitely
supplemented is supplemented. Since the Z-module Q of rational numbers
has no proper coﬁnite submodule, Q is coﬁnitely supplemented but is not
supplemented as mentioned earlier.
Lemma 4.1.7 ([1], Lemma 2.1). Every factor module of coﬁnitely supple-
mented module is coﬁnitely supplemented as well.
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Proof. Let M be a coﬁnitely supplemented module, and let N be any sub-
module of M . Assume L/N is a coﬁnite submodule of M/N and N ⊆ L.
Using the isomorphism theorem,
M/L ∼= (M/N)/(L/N)
and since the latter module is ﬁnitely generated, we have M/L is ﬁnitely
generated. Being a coﬁnite submodule of M , L has a supplement K ⊆M in
M , that is K + L = M and L ∩K ≪ K. Now
pi(L∩K) = (L∩K+N)/N = (L/N)∩ ((K+N)/N)≪ pi(K) = (K+N)/N
(Where pi is the canonical map). Hence by the characterization of a supple-
ment, (K +N)/N is a supplement of L/N in M/N .
In fact Lemma 3.2.4 enables us to go beyond the previous Lemma, speciﬁ-
cally the following Lemma shows that every homomorphic image of a coﬁnitely
supplemented module is again coﬁnitely supplemented.
Lemma 4.1.8. A homomorphic image of a coﬁnitely supplemented module
is coﬁnitely supplemented.
Proof. Let f : M → N be a homomorphism withM coﬁnitely supplemented.
Suppose Y a coﬁnite submodule of f(M), then
M/f−1(Y ) ∼= (M/Kerf)/(f−1(Y )/Kerf) ∼= f(M)/Y.
So f−1(Y ) is a coﬁnite submodule of M containing Kerf , and since M is
coﬁnitely supplemented, f−1(Y ) has a supplement inM , and by lemma 3.2.4,
f(f−1(Y )) = Y has a supplement in f(M).
The following Lemma deals with small covers of coﬁnitely supplemented
modules.
Lemma 4.1.9. A small cover of a coﬁnitely supplemented module is coﬁnitely
supplemented.
Proof. Let f : M → N be a small epimorphism, with N coﬁnitely sup-
plemented module. Assume K to be a coﬁnite submodule of M , then by
Lemma 4.1.5 (a), f(K) is a coﬁnite submodule of N . So f(K) has a sup-
plement in N , and by Lemma 3.2.6, K has a supplement in M . So M is
coﬁnitely supplemented.
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We show now that an arbitrary sum of coﬁnitely supplemented modules
is again coﬁnitely supplemented. To this end, all we need is the following
Lemma, which is easily proved using Lemma 3.2.10.
Lemma 4.1.10 ([1], Lemma 2.2). Let N and L be submodules of a module
M such that N is coﬁnite and L is coﬁnitely supplemented, and N + L has
a supplement in M , then N has a supplement in M .
Proof. Let K be a supplement of N + L in M . Note that
L
L ∩ (N +K)
∼= L+N +K
N +K =
M
N +K
∼= M/N(N +K)/N .
So that L∩ (N +K) is coﬁnite in L, and since L is coﬁnitely supplemented,
there exists a supplement H of L ∩ (N +K) in L, so by Lemma 3.2.10, N
has K +H as a supplement in M .
Now we are ready to present this Lemma.
Lemma 4.1.11 ([1], Lemma 2.3). LetMi(i ∈ I) be any collection of coﬁnitely
supplemented submodules of a module M , then ∑i∈I Mi is a coﬁnitely sup-
plemented submodule of M .
Proof. Let N = ∑i∈I Mi, and let L be a coﬁnite submodule N . Because N/L
is ﬁnitely generated, there exists a ﬁnitely generated submodule H of N such
that N = L+H. There exists a ﬁnite subset J of I such that H ⊆ ∑i∈J Mi
and hence N = L+∑i∈J Mi = L+M1 +∑i=2Mi.
SinceM1 is coﬁnitely supplemented and L+
∑
i=2Mi is coﬁnite, by the Re-
mark following the deﬁnition, the previous Lemma is valid, and L+∑i=2Mi
has a supplement in N .
By repeated use of the previous Lemma we deduce that L has a supple-
ment in N . So it follows that N is coﬁnitely supplemented.
Simply we are led to this Cororollary
Corollary 4.1.12. Any direct sum of coﬁnitely supplemented modules is
coﬁnitely supplemented.
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Following [1], we characterize when a module is coﬁnitely supplemented.
LetM be any module. Then Loc(M) will denote the sum of all local sub-
modules ofM and Cof(M) the sum of all coﬁnitely supplemented submodules
ofM , note that 0 is a local submodule and also a coﬁnitely supplemented sub-
module of M . By Lemma 4.1.11 , Cof(M) is the unique maximal coﬁnitely
supplemented submodule of M . And by the Lemma 4.1.3 , Loc(M) is the
sum of all ﬁnitely generated(coﬁnitely) supplemented submodule ofM . Thus
Loc(M) ⊆ Cof(M).
We are ready now to give a characterization of coﬁnitely supplemented
modules.
Theorem 4.1.13 ([1], Theorem 2.8). Let R be any ring. The following
statements are equivalent for an R-module M
1. M is coﬁnitely supplemented
2. Every maximal submodule of M has a supplement in M .
3. The module M/Loc(M) doesn’t contain a maximal submodule
4. The module M/Cof(M) doesn’t contain a maximal submodule
Proof. 1)⇒ 2): Trivial, since every maximal submodule of M is coﬁnite
2) ⇒ 3): Let K be a maximal submodule of M . There exists L ⊆
M such that M = K + L and K ∩ L ≪ L, by 2) and the character-
ization of a supplement. Now by Lemma 3.2.14, L is local, and hence
L ⊆ Loc(M). Since K +L = M then Loc(M) is not a submodule of K, oth-
erwise K + L = K ̸= M. Hence M/Loc(M) has not a maximal submodule.
3)⇒ 4): Assume L/Cof(M) is maximal inM/Cof(M). Since Loc(M) ⊆
Cof(M) ⊂ L, then L/Loc(M) is a maximal submodule of M/Loc(M) con-
tradicting (3) .
4) ⇒ 1) : Let N be a coﬁnite submodule of M , then N + Cof(M)
is coﬁnite submodule of M by the Remark following the deﬁnition. Now
N + Cof(M) is a submodule of M containing Cof(M) so by (4) we must
have M = N + Cof(M). Since M/N is ﬁnitely generated it follows that
M = N + K1 + K2 + ... + Kn for some positive integer n, and coﬁnitely
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supplemented submodules Ki, 1 ≤ i ≤ n. By repeated use of Lemma 4.1.10,
N has a supplement in M . So M is coﬁnitely supplemented.
4.2 Weakly Supplemented Modules
In this section we will introduce a generalization of supplemented modules,
the notion of weakly supplemented modules. Properties and relation to other
classes of supplemented modules, are the purposes of this section.
Deﬁnition 4.2.1. A submodule N ⊆M is called a weak supplement of L in
M if N + L = M and N ∩ L≪M .
Because of the symmetry of the deﬁnition, one can say, N has L as a
weak supplement in M . Now we can state the following deﬁnition.
Deﬁnition 4.2.2. Let M be an R-module. Then M is called weakly supple-
mented if every submodule N of M has(is) a weak supplement.
Recall from Lemma 2.3.3(4), for K ⊆ L ⊆ M , if K ≪ L then K ≪ M ,
hence every supplemented module is weakly supplemented. For an example of
weakly supplemented module which is not supplemented see Example 4.3.13
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Example 4.2.3 ([5], Example §17.10). Q/Z is a weakly supplemented Z-
module.
Proof. First write M := Q/Z = ⊕P MP as the direct sum of prime p-
component MP := ZP∞ . Every submodule N of M is of the form N =
⊕
NP
where NP = N ∩MP ⊆MP are the p-components of N . Since MP is hollow
either NP = MP or NP ≪MP . Thus N ≪M if and only if NP ̸= MP for all
p. If N is not small inM , set Λ = {p |NP ̸= MP} and L := ⊕P∈ΛMP . Then
N + L = M and N ∩ L = ⊕ΛNP ≪ M . Hence L is a weak supplement of
N in M .
Next we are going to show that the class of weakly supplemented modules
is closed under homomorphic images, ﬁnite direct sums and small covers.
Firstly we need a Lemma similar to Lemma 3.2.4.
Lemma 4.2.4 ([2], Lemma 2.4). If f : M → N is a homomorphism and
a submodule L containing Kerf is a weak supplement in M , then f(L) is a
weak supplement in f(M).
Proof. If L is a weak supplement of K in M , then f(M) = f(L + K) =
f(L) + f(K) and since (L ∩ K) ≪ M ⇒ f(L ∩ K) ≪ f(M) by Lemma
2.3.3(4). But
f(L∩K) = f [(L+ Kerf) ∩K] = f(f−1f(L)∩K) = f(L)∩f(K)≪ f(M).
So f(L) is a weak supplement of f(K) in f(M).
Corollary 4.2.5. Every homomorphic image of a weakly supplemented mod-
ule is weakly supplemented.
Proof. Let f : M → N be a homomorphism, and L ⊆ f(M). Now f−1(L) ⊆
M containing Kerf , with a weak supplementK. Now by the previous Lemma
f(f−1(L)) = L is a weak supplement in f(M), namely of f(K).
Corollary 4.2.6. Every factor module of a weakly supplemented module is
weakly supplemented.
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Proof. Let K ⊆ M. Consider the canonical epimorphism pi : M → M/K,
since M is weakly supplemented then M/K is weakly supplemented by the
previous Corollary.
Corollary 4.2.7. Every direct summand of weakly supplemented module is
weakly supplemented.
Proof. Let M = K ⊕ L, then K ∼= M/L by Theorem 2.2.8(3).
Corollary 4.2.8 ([5], §17.13). A small cover of weakly supplemented is
weakly supplemented.
Proof. Let M be a small cover of a weakly supplemented module N . Then
N ∼= M/K for some K ≪M. Take a submodule L of M and a weak supple-
ment X/K of (L+K)/K in M/K. Since K ≪ M , we have, X ∩ L+K =
X ∩ (L+K)≪M , so X ∩ L≪M and X is a weak supplement of L in M .
Thus M is weakly supplemented.
Example 4.2.9. Q is weakly supplemented Z-module.
Proof. Since Q is a small cover of the weakly supplemented module Q/Z see
Example 4.2.3, we now see that Q is weakly supplemented by the previous
Corollary.
Remark. QZ oﬀers another example of a weakly supplemented module
but not supplemented.
Corollary 4.2.10. Every supplement submodule(e.g. direct summand) of a
weakly supplemented module is weakly supplemented.
Proof. Let M be a weakly supplemented module, and V be a supplement
of U in M , then M/U ∼= V/(U ∩ V ) , hence the factor module V/(U ∩ V )
is weakly supplemented by Corollary 4.2.5. Consider the canonical map,
pi : V → V/(U ∩ V ) is a small epimorphism since V ∩ U ≪ V by the
characterization of a supplement. Now V is weakly supplemented by the
previous Corollary.
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We turn now to answer the question about the closure of the class of
weakly supplemented under(ﬁnite) sum. In [[5], §17.13] a positive answer
was given and proven using Lemma 17.11. In this work we will use another
approach. Our tool is a Lemma similar to Lemma 3.2.10.
Lemma 4.2.11. . Let N,L be submodules of a module M such that N + L
has a weak supplement H in M and N ∩ (H + L) has a weak supplement G
in N . Then H +G is a weak supplement of L in M .
Proof. L+ (H +G) = (L+H) +G+N ∩ (L+H) = L+H +N = M , as H
is a weak supplement of N + L and G is a weak supplement of N ∩ (H + L)
in N . Now
L ∩ (H +G) ⊂ H ∩ (L+G) +G ∩ (L+H)
⊆ H ∩ (L+N) +G ∩N ∩ (L+H)
≪ M
since G ∩N ∩ (L+H)≪ N ⊂M.
Corollary 4.2.12 ([5], Corollary 17.12). If M = M1+M2, with M1 and M2
weakly supplemented, then M is weakly supplemented.
Proof. For every submodule N ⊆ M,M1 + (M2 + N) has a trivial weak
supplement in M and since M1 is weakly supplemented, M1 ∩ (M2 +N + 0)
= M1∩ (M2+N) has a weak supplement in M1. So by the previous Lemma,
M2+N has a weak supplement in M , and since M2 is weakly supplemented,
applying the previous Lemma once more we have N has a weak supplement
in M .
Corollary 4.2.13. Finite (direct) sum of ﬁnitely many weakly supplemented
modules is also weakly supplemented.
Proof. By induction and the previous Corollary.
As for ﬁnitely generated supplemented modules, we give a characteriza-
tion of ﬁnitely generated weakly supplemented modules(compare with The-
orem 3.2.15). Firstly we need the following Lemma.
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Lemma 4.2.14 ([2], Lemma 2.15). Let H and K be submodules of M such
that K is a weak supplement of a maximal submodule L of M . If K +H has
a weak supplement in M , then H has a weak supplement in M .
Proof. Let X be a weak supplement of K + H in M . If K ∩ (X + H) ⊆
K ∩ L≪M then X +K is a weak supplement of H since
H ∩ (X +K) ⊆ X ∩ (H +K) +K ∩ (X +H)≪M
Now suppose K ∩ (X + H) * K ∩ L. Since K/(K ∩ L) ∼= (K + L)/L =
M/L, K∩L is a maximal submodule ofK. Therefore (K∩L)+K∩(X+H) =
K. Then X is a weak supplement of H since
H ∩X ⊆ (K +H) ∩X ≪M and
M = X +H +K = X +H + (K ∩ L) +K ∩ (X +H) = X +H.
as K ∩ (X +H) ⊆ X +H and K ∩L≪M . So in both cases there is a weak
supplement of H in M .
Theorem 4.2.15. 1. For a ﬁnitely generated module M the following are
equivalent:
(a) M is a weakly supplemented module.
(b) Every maximal submodule of M has a weak supplement in M .
(c) M is a (ﬁnite) sum of weak supplements of maximal submodules
of M .
2. [5], § 17.9(4). If Rad(M)≪M , then M is weakly supplemented if and
only if M/Rad(M) is semisimple.
Proof. 1. a)⇒ b) :Trivial.
b) ⇒ c) : Let H is the sum of all weak supplements of some maximal
submodule of M . Assume H ̸= M , then there is a maximal submodule
N ofM such that H ⊆ N and a weak supplementK of N , i.e. N+K =
M . But then K ⊆ H and N +K = N ̸= M . So we must have M = H.
c)⇒ a): LetM = ∑ni=1 Li with Li a weak supplement of some maximal
submodule of M . Assume K ⊆ M , so M = K +∑ni=1 Li, by repeated
use of Lemma 4.2.14, K has a weak supplement.
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2. ⇒) Assume M is a weakly supplemented module and let L/Rad(M) ⊆
M/Rad(M). Take a weak supplement K of L in M . Then
K + Rad(M)
Rad(M) +
L
Rad(M) =
K + L
Rad(M) =
M
Rad(M) , and
K + Rad(M)
Rad(M) ∩
L
Rad(M) =
L ∩K + Rad(M)
Rad(M) = 0
⇐) Let L ⊆ M , then (L + Rad(M))/Rad(M) is a direct summand
of M/Rad(M). i.e. there is a submodule K/Rad(M) of M/Rad(M)
such that (L + Rad(M))/Rad(M) ⊕ K/Rad(M) = M/Rad(M), then
L+K = M and L∩K ⊆ Rad(M)≪M that is K is a weak supplement
of L.
We turn now to study a new special type of supplemented modules,
namely modules that have weak supplements for special types of its sub-
modules. Properties of these modules are investigated in detail to reveal
whether this new class share common properties with weakly supplemented
modules.
4.3 Coﬁnitely Weak Supplemented Modules
In this section we will introduce another type of supplemented modules, and
study its properties and its relations with the other classes so far has been
deﬁned. We begin with this Deﬁnition.
Deﬁnition 4.3.1. An R-module M is coﬁnitely weak supplemented if every
coﬁnite submodule of M has a weak supplement.
Recall a weak supplement K of a submodule L in M means: M = L+K
and K ∩ L≪M.
We have showed, see Lemma 4.1.2, that a suppleme nt of a coﬁnite
submodule is ﬁnitely generated. Now we will show that weak supplements
of coﬁnite submodules can be regarded as ﬁnitely generated.
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Lemma 4.3.2 ([2], Lemma 2.1). LetM be a module and K is a coﬁnte(maximal)
submodule of M . If L is a weak supplement of K in M , then K has a ﬁnitely
generated(cyclic) weak supplement in M that is contained in L.
Proof. If K is coﬁnite, and since M/K = (L + K)/K ∼= L/(L ∩ K), then
L/(L∩K) is ﬁnitely generated . Let L/(L∩K) be generated by the elements:
x1 + L ∩K,x2 + L ∩K, ..., xn + L ∩K.
Then for the ﬁnitely generated submodule W = x1R + x2R + ...+ xnR of L
we have
W +K = W +K ∩ L+K = L+K = M and W ∩K ⊆ L ∩K ≪M.
Therefore W is a ﬁnitely generated weak supplement of K in M which is
contained in L.
If K is maximal, then L/(L ∩ K) is cyclic module generated by some
element x+K ∩ L and W = xR is a weak supplement of K.
Lemma 4.2.4 will enable us to show that a homomorphic image of
coﬁnitely weak supplemented module is also coﬁnitely weak supplemented
as stated by the following Proposition.
Proposition 4.3.3 ([2], Proposition 2.5). A homomorphic image of a coﬁnitely
weak supplemented module is a coﬁnitely weak supplemented.
Proof. Let f : M → N be a homomorphism with M coﬁnitely weak supple-
mented. Suppose Y a coﬁnite submodule of f(M), then
M/f−1(Y ) ∼= (M/Kerf)/(f−1(Y )/Kerf) ∼= f(M)/Y
So f−1(Y ) is a coﬁnite submodule of M containing Kerf , and since M is
coﬁnitely weak supplemented, f−1(Y ) is a weak supplement in M , and by
Lemma 4.2.4, f(f−1(Y )) = Y is a weak supplement in f(M).
Let K ⊆ M , and consider the canonical map (epimorphism) : pi : M →
M/K. If M is coﬁnitely weak supplemented, and applying the previous
Proposition, we get the following Corollary.
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Corollary 4.3.4 ([2], Corollary 2.6). Any factor module of a coﬁnitely weak
supplemented module is a coﬁnitely weak supplemented.
To show that the inverse image of a coﬁnitely weak supplemented mod-
ule under a small epimorphism is a coﬁnitely weak supplemented, we need
analogous result to proposition 3.1.3(4).
Proposition 4.3.5. If K is a weak supplement of N in a module M and
T ≪M , then K is a weak supplement of N + T in M as well.
Proof. Let f : M → M/N ⊕M/K be deﬁned by f(m) = (m + N,m +K)
and g : (M/N)⊕ (M/K)→M/(N +T )⊕M/K be deﬁned by g(m+N,m′+
K) = (m + N + T,m′ + K). Then f is epimorphism as M = N + K and
Kerf = N ∩K ≪M as K is a weak supplement of N in M , so f is a small
epimorphism. Now
Kerg = (N + T )/N ⊕K/K = (N + T )/N ⊕ 0 = (N + T )/N ≪M/N
since T ≪ M and (N + T )/N = pi(T ) where pi : M → M/N is the
canonical map. Therefore g is small epimorphism. By Lemma 2.3.3(1), gf
is small, i.e., (N +T )∩K = Ker(gf)≪M. Clearly (N +T )+K = M so K
is a weak supplement of N + T in M .
The previous proposition together with the fact that the image of a weak
supplement under a homomorphism is still a weak supplement, are the theory
behind the following Lemma.
Lemma 4.3.6 ([2], Lemma 2.8). If f : M → N is a small epimorphism then
a submodule L of M is a weak supplement in M if and only if f(L) is a weak
supplement in N .
Proof. If K is a weak supplement of L in M then by the previous Proposi-
tion, L+ Kerf is also a weak supplement of K in M and by Lemma 4.2.4,
f(L) = f(L+Kerf) is a weak supplement in N .
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Now let f(L) be a weak supplement of a submodule T in N . i.e., N =
f(L)+T and f(L)∩T ≪ N. So M = L+f−1(T ). It follows from Lemma 2.3.4
that
f−1(f(L) ∩ T ) = f−1(f(L) ∩ f−1(T ) = (L+Kerf) ∩ f−1(T )≪M
But as L ∩ f−1(T ) ⊆ (L+Kerf) ∩ f−1(T )≪ M , we have f−1(T ) is a weak
supplement of L.
Recall that a module M is called a small cover of a module N , if there
exists a small epimorphism f : M → N , i.e., Kerf ≪M .
We are ready to answer the question: Is a small cover of a coﬁnitely weak
supplemented module is again coﬁnitely weak supplemented. A positive an-
swer is given by the following Corollary.
Corollary 4.3.7 ([2], Corollary 2.9). A small cover of a coﬁnitely weak
supplemented module is a coﬁnitely weak supplemented.
Proof. Let N be a coﬁnitely weak supplemented module, f : M → N be a
small epimorphism, and L be a coﬁnite submodule of M . Consider f : M/L
→ N/f(L) deﬁned by f(m+L) = f(m)+f(L), as f is an epimorphism, i.e.,
f(M) = N we have f is an epimorphism. Since M/L is ﬁnitely generated
so is N/f(L). But N is coﬁnitely weak supplemented module so f(L) is a
weak supplement in N , and L is a weak supplement in M by the previous
Lemma.
Recall that Rad(M) is the sum of all small submodules of the moduleM .
In a module M , it is not necessary for Rad (M) to be a small submodule of
M , but if Rad (M) is a small in M , then we have a characterization for a
coﬁnitely weak supplemented module as asserted by the following Corollary.
Corollary 4.3.8 ([2], Corollary 2.10). Suppose that M is an R-module with
Rad(M)≪M then M/Rad (M) is a coﬁnitely weak supplemented module if
and only if M is a coﬁnitely weak supplemented module.
Proof. ⇒): By the previous Corollary.
⇐): By Corollary 4.3.4.
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In our seek for a proof of "An arbitrary sum of coﬁnitely weak supple-
mented submodules is a coﬁnitely weak supplemented" we will use an ana-
logue of Lemma 4.1.10
Lemma 4.3.9 ([2], Lemma 2.11). Let N and L be submodules of M with N
coﬁnitely weak supplemented and L coﬁnite. If N +L has a weak supplement
in M , then L has also a weak supplement in M .
Proof. Let X be a weak supplement of N + L in M . Then
N/(N ∩ (X + L)) ∼= (N +X + L)/(X + L) = M/(X + L).
But, as X + L contains the coﬁnite submodule L, X + L is coﬁnite, and
so N ∩ (X + L) is a coﬁnite submodule of N , and hence N ∩ (X + L) has
a weak supplement Y in N . Now Lemma 4.2.11 asserted the existence of a
weak supplement of L in M , namely X + Y .
The previous Lemma enables us to prove easily the following Proposition.
Proposition 4.3.10 ([2], Proposition 2.12). An arbitrary sum of coﬁnitely
weak supplemented modules is coﬁnitely weak supplemented module.
Proof. Let M = ∑i∈I Mi where each submodule Mi is coﬁnitely weak sup-
plemented and N is a coﬁnite submodule of M , then M/N is generated by
some ﬁnite set {x1 +N, x2 +N, ..., xr +N} and therefore M = x1R+ x2R+
...+ xrR+N. Since each xi is contained in the sum
∑
j∈Fi Mj for some ﬁnite
subset Fi of I,
x1R+x2R+...+xrR ⊆ ∑j∈F Mj for some ﬁnite subset F = {i1, i2, ..., ik} of I.
Then M = N+∑kt=1Mit . SinceM = Mik+(N+∑k−1t=1 Mit) has a trivial weak
supplement 0 in M , and since Mik is coﬁnitely weak supplemented module,
and (N +∑k−1t=1 Mit) is coﬁnite by containing the coﬁnite submodule N , the
previous Lemma applies, and the latter submodule has a weak supplement
in M . Similarly (N + ∑k−2t=1 Mit) has a weak supplement in M and so on.
Continuing in this way we will obtain (using the previous Lemma k times )
at last that N has a weak supplement in M .
Recall that a module M is p-torsion, if, for every a ∈ M , there exists
k ∈ N with pka = 0. For a p-torsion module M to be bounded there must
exists n ∈ N such that for all a ∈M, pna = 0.
The class of coﬁnitely weak supplemented modules is strictly wider than the
class of the weakly supplemented modules as the following example shows.
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Example 4.3.11 ([2], Example 2.14). Let p be a prime integer and consider
the Z-module M =⊕∞i=1⟨ai⟩ which is the direct sum of cyclic subgroups ⟨ai⟩
of order pi. Since each ⟨ai⟩ is local and therefore is a coﬁnitely weak sup-
plemented module, M is coﬁnitely weak supplemented module by the previous
proposition. We will show that M is not weakly supplemented.
Let T = pM and suppose that T has a weak supplement L, i.e., M = L+T
and N = T ∩L≪M . Then N ≪ E(M) as well, where E(M) is an injective
hull of M . Since the injective hull E(N) of N is a direct summand of E(M),
N ≪ E(N). It is well known that if a torsion abelian group is small in its
injective hull then it is bounded. Therefore N must be bounded, i.e., pnN = 0
for some positive integer n. Then, as pL ⊆ L ∩ pM = L ∩ T = N ,
pn+1M = pn+1T + pn(pL) ⊆ pn+1T + pnN = P n+1T
Therefore pn+1an+2 = pn+1b for some b ∈ T = pM . Since b = pc for some
c = (miai)∞i=1 ∈M , we have
0 ̸= pn+1an+2 = pn+1(pmn+2an+2) = mn+2pn+2an+2 = 0
This contradiction implies that M is not a weakly supplemented module.
Remark: This Example points out that inﬁnite sum of weakly supplemented
modules needs not be weakly supplemented. Let M be deﬁned as above. Since
each ⟨ai⟩ is local and therefore is a (weakly) supplemented module, M is an
inﬁnite sum of weakly supplemented modules, but is not weakly supplemented,
as the example shows.
Now we are going to prove that a module is coﬁnitely weak supplemented
if and only if every maximal submodule has a weak supplement. Firstly we
need some notions.
For a module M , let Γ be the set of all submodules K such that K is a
weak supplement of some maximal submodule of M and let Cws(M) denote
the sum of all submodules from Γ. As usual Cws(M) = 0 if Γ = ∅
Theorem 4.3.12 ([2], Theorem 2.16). For a module M , the following state-
ments are equivalent.
1. M is coﬁnitely weak supplemented module.
2. Every maximal submodule of M has a weak supplement.
3. M/Cws(M) has no maximal submodules.
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Proof. (1)⇒ (2): is obvious since every maximal submodule is coﬁnite.
(2)⇒ (3): Suppose that there is a maximal submodule L/Cws(M)
of M/Cws(M). Then L is a maximal submodule of M . By (2), there is a
weak supplement K of L in M . Then K ∈ Γ, therefore K ⊆ Cws(M) ⊆ L.
Hence M = L +K = L. This contradiction shows that M/Cws(M) has no
maximal submodules.
(3)⇒ (1): Let N be a coﬁnite submodule of M . Then N + Cws(M) is
also coﬁnite by the remark following the deﬁnition of coﬁnite submodule. If
M/(N+Cws(M)) ̸= 0 then by 2.1.15 , there is a maximal submodule L/(N+
Cws(M)) of the ﬁnitely generated module M/(N +Cws(M)). It follows that
L is a maximal submodule of M and M/Cws(M) which contradicts (3). So
we must have M = N + Cws(M). Now M/N is ﬁnitely generated, say by
elements x1+N, x2+N, ..., xm+N, therefore M = N+x1R+x2R+...+xmR.
Each element xi(i = 1, 2, ...,m) can be written as xi = ni + ci, where ni ∈ N
and ci ∈ Cws(M). Since each ci is contained in the sum of ﬁnite number
of submodules of Γ, M = N + K1 + K2 + ... + Kn for some submodules
K1, K2, ..., Kn of M from Γ. Now M = (N +K1+K2+ ...+Kn−1)+Kn has
a trivial weak supplement. By Lemma 4.2.14, N +K1+K2+ ...+Kn−1 has a
weak supplement in M . Continuing in this way (applying the Lemma 4.2.14
n times) we obtain that N has a weak supplement in M .
Recall that a module M is coﬁnitely supplemented if every coﬁnite sub-
module ofM has a supplement inM . Clearly ifM is coﬁnitely supplemented,
then M is coﬁnitely weak supplemented.
The following example shows that a coﬁnitely weak supplemented module
need not be coﬁnitely supplemented.
Example 4.3.13 ([11], Remark(3.3)). Consider the ring,
R = Zp,q =
{
a
b
| a, b ∈ Z, b ̸= 0, (p, b) = 1, (q, b) = 1
}
.
The only maximal ideals pR and qR are weak supplements of each other
because pR+qR = R and pR∩qR = RadR≪ RR as RR is ﬁnitely generated,
so by the previous Theorem RR is (coﬁnitely) weak supplemented. Moreover,
if k is any such that (k, p) = 1 then pR+kqR = R and kqR $ qR, so pR, qR
are not supplements of each other. By Theorem 4.1.13, the right module RR
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is not (coﬁnitely) supplemented.
Remark: RR is ﬁnitely generated, so we can drop the term coﬁnitely in the
above statement.
It is known (see Lemma 3.1.3 (5)) that for supplement submodule K of
a module M , Rad (K) = K ∩ Rad (M) and that for a weak supplemented
module M the last equality implies that K is a supplement as the following
Lemma shows.
Lemma 4.3.14 ([2], Lemma 2.18). Let M be an R-module and N be a
coﬁnite submodule of M . If N has a weak supplement L in M and for every
ﬁnitely generated submodule K of L, Rad (K) = K ∩ Rad (M), then N has
a ﬁnitely generated supplement in M .
Proof. L is a weak supplement of N , i.e., N + L = M and N ∩ L ≪ M .
Since N is coﬁnite, then by Lemma 4.3.2, N has a ﬁnitely generated weak
supplement K ⊆ L in M , i.e., M = N + K and N ∩ K ≪ M . Then
N ∩ K ⊆ Rad(M). Therefore N ∩ K ⊆ K ∩ Rad(M) = Rad(K). But
Rad(K) ≪ K, since K is ﬁnitely generated. So N ∩ K ≪ K, i.e., K is a
supplement of N in M .
It is obvious that every coﬁnitely supplemented module is a coﬁnitely
weak supplemented.
The following Theorem gives a condition under which the converse is true.
Theorem 4.3.15 ([2], Theorem 2.19). Let M be an R-module such that for
every ﬁnitely generated submodule K of M , Rad (K) = K∩Rad(M), then M
is coﬁnitely weak supplemented if and only if M is coﬁnitely supplemented.
Proof. Let N be a coﬁnite submodule of M . Since M is coﬁnitely weak
supplemented, N has a weak supplement L inM and by the previous Lemma,
N has a supplement. Hence M is coﬁnitely supplemented.
The converse statement is obvious.
Applying the previous Theorem on a ﬁnitely generated module, shows an
equivalence between being weakly supplemented and being supplemented.
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Corollary 4.3.16 ([2], Corollary 2.20). Let M be a ﬁnitely generated mod-
ule such that for every ﬁnitely generated submodule N of M , Rad N =
N ∩ Rad(M). Then M is weakly supplemented if and only if M is sup-
plemented. Furthermore in this case every ﬁnitely generated submodule of M
is a supplement.
Proof. The ﬁrst statement follows from the previous Theorem, as in a ﬁnitely
generated module, every submodule is coﬁnite. If N is ﬁnitely generated
submodule, then N has a weak supplement K, therefore N + K = M and
N ∩K ⊆ N∩ Rad(M) = Rad(N)≪ N , i.e., N is a supplement of K.
The following Theorem gives a characterization of coﬁnitely weak supple-
mented modules with small Radical.
Theorem 4.3.17 ([2], Theorem 2.21). LetM be an R-module with Rad(M)≪
M . Then the following statements are equivalent.
1. M is a coﬁnitely weak supplemented module.
2. M/Rad(M) is a coﬁnitely weak supplemented.
3. Every coﬁnite submodule of M/Rad(M) is a direct summand.
4. Every maximal submodule of M/Rad(M) is a direct summand.
5. Every maximal submodule of M/Rad(M) is a weak supplement.
6. Every maximal submodule of M is a weak supplement.
Proof. (1)⇒ (2): By corollary 4.3.4.
(2)⇒ (3): Let U ⊂M/Rad(M) such that U is coﬁnite, then by (2), U is a
weak supplement ofK, i.e., U∩K ≪M/Rad(M) but since Rad(M/Rad(M)) =
0, i.e., the only small submodule of M/Rad(M) is 0 ⇒ U ∩K = 0 together
with U +K = M/Rad(M)⇒ U is a direct summand of M/Rad(M).
(3)⇒ (4): Obvious since every maximal submodule is coﬁnite.
(4) ⇒ (5): Every direct summand U is a supplement since U + V = M
and U ∩ V = 0≪ U and then U ∩ V = 0≪M . So U is a weak supplement.
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(5) ⇒ (6): Since Rad(M) ≪ M and by Lemma 4.3.6, (6) follows from
(5).
(6)⇒ (1): By Theorem 4.3.12
In the following section we study still a new type of supplemented mod-
ules. More deﬁnitions and theorems are given to clarify the relation between
the new class and the classes we have studied till now.
4.4 ⊕-Supplemented Modules
Recall a submodule K of M is a direct summand if there exists a submodule
L such that M = L ⊕ K. i.e., M = K + L and K ∩ L = 0. Following [12]
we will give the following deﬁnition of a new class which is a subclass of
supplemented modules.
Deﬁnition 4.4.1. Let M be an R-module. M is called ⊕-supplemented
module if every submodule has a supplement that is a direct summand of
M . i.e., for N ⊆ M , there exist submodules K,L such that M = K ⊕ L,
M = N +K and K ∩N ≪ K.
Recall that a nonzero module M is called hollow if every proper submod-
ule is small in M , and is called local if the sum of all proper submodules
of M is also a proper submodule of M . Note that local modules are hol-
low and hollow modules are ⊕-supplemented, namely each submodule N has
M as a supplement sinceM = N+M and M∩N = N ≪M and M⊕0 = M
Clearly ⊕-supplemented modules are supplemented, but the converse
is not true in general (see Example 4.4.4).
The following Theorem proves the closeness of the class of⊕-supplemented
under ﬁnite direct sum of its elements.
Theorem 4.4.2 ([6], Theorem 1.4). For any ring R, any ﬁnite direct sum
of ⊕-supplemented R-modules is ⊕-supplemented.
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Proof. Let n be any positive integer and let Mi be a ⊕-supplemented R-
module for each 1 ≤ i ≤ n. Let M = M1 ⊕M2 ⊕ ...⊕Mn. To prove that M
is ⊕-supplemented it is suﬃcient by induction on n to prove that this is the
case when n = 2. Thus suppose n = 2.
Let L be any submodule ofM . ThenM = M1+M2 so thatM1+M2+
L has a supplement 0 in M . Let H be a supplement of M2 ∩ (M1 + L + 0)
= M2 ∩ (M1 + L) in M2(M2 is ⊕-supplemented) such that H is a direct
summand in M2. By Lemma 3.2.10, H + 0 = H is a supplement of M1 + L
in M . Let K be a supplement of M1 ∩ (L + H) in M1 such that K is a
direct summand of M1. Again applying Lemma 3.2.10, we have H +K is a
supplement of L in M .
AssumeM2 = H⊕U andM1 = K⊕V , so nowM = M1⊕M2 = H⊕U⊕K⊕V
=⇒ H +K = H ⊕K is a direct summand of M .
Since hollow(local) modules are ⊕-supplemented, using the previous the-
orem we get the following
Corollary 4.4.3. Any ﬁnite direct sum of hollow(local) modules is ⊕-supplemented.
Quotient of a ⊕-supplemented module is not in general ⊕-supplemented.
In [7] some examples are given to show the previous statement. In our thesis
an example is given after a while.
A commutative ring R is a valuation ring if it is a local ring and every
ﬁnitely generated ideal is principal. A module M is called ﬁnitely presented
ifM ∼= F/K for some ﬁnitely generated free module F and ﬁnitely generated
submodule K of F .
Example 4.4.4. [[7], Example 2.2]Let R be a commutative ring which is
not a valuation ring and let n ≥ 2. There exists a ﬁnitely presented inde-
composable module M = R(n)/K which cannot be generated by fewer than
n elements. By Theorem 4.4.2, R(n) is ⊕-supplemented. We will show that
M is not ⊕-supplemented. Let L be a maximal submodule of M (such a
maximal submodule exists by Corollary 2.1.15). Assume there exist submod-
ules K, H such that M = K ⊕ H,M = K + L and L ∩ K ≪ K. Now
M/L ∼= (K + L)/L ∼= K/(K ∩ L). As L $M and M is indecomposable, we
must have K = M , so M/(K ∩ L) is cyclic, and M = m1R + K ∩ L, but
K ∩ L≪M so M = m1R, which is a contradiction.
Remark: Note that as R(n) is ⊕-supplemented, then R(n) is supplemented and
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by Corollary 3.2.2, R(n)/K is supplemented which is not ⊕-supplemented as
shown above.
Nevertheless, we intend to present a proposition which deals with a special
case of factor modules of a ⊕-supplemented modules. First we prove the
following Lemma.
Lemma 4.4.5 ([7], Lemma 2.4). Let M be a nonzero module and let N
be a submodule of M such that f(N) ⊆ N for each f ∈ EndR(M). If
M = M1 ⊕M2 then N = N ∩M1 ⊕N ∩M2.
Proof. Let pii : M →Mi(i = 1, 2) denote the canonical projections. Let x be
an element of N . Then x = pi1(x) + pi2(x). By hypothesis, pii(N) ⊆ N for
i = 1, 2. Thus pii(x) ∈ N ∩Mi for i = 1, 2. Hence
N ⊆ pi1(N) + pi2(N) ⊆ N ∩M1 ⊕N ∩M2
also N ∩M1 ⊕N ∩M2 ⊆ N ⇒ N = N ∩M1 ⊕N ∩M2.
The submodules satisfying the property of the previous Lemma, their fac-
tor modules preserve the ⊕-supplementary as shown by the following propo-
sition.
Proposition 4.4.6 ([7], Proposition 2.5). Let M be a nonzero module and
let N be a submodule of M such that f(N) ⊆ N for each f ∈ EndR(M). If
M is ⊕-supplemented, then M/N is ⊕-supplemented. If, moreover, N is a
direct summand of M , then N is also ⊕-supplemented.
Proof. Suppose that M is ⊕-supplemented. Let L be a submodule of
M which contains N. There exist submodules K and H of M such that
M = K ⊕H and M = K +L and L∩K ≪ K ( M is ⊕-supplemented ). By
Lemma 3.1.3(6), (N + K)/N is a supplement of L/N in M/N . Now apply
the previous Lemma, to get that N = N ∩K ⊕N ∩H. Thus
(K +N) ∩ (H +N) ⊆ H ∩ (K +N +N) +N ∩ (K +N +H)
⊆ H ∩ (K +N ∩K +N ∩H) +N
⊆ H ∩ (K +N ∩H) +N
= H ∩N +H ∩K +N
= 0 +N = N
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It follows that K+N
N
∩ H+N
N
= 0 and K+N
N
+ H+N
N
= M
N
So (N + K)/N is a direct summand of M/N , consequently M/N is ⊕-
supplemented.
Now suppose that N is a direct summand of M . Let L be a submodule
of N . Since M is ⊕-supplemented, there exist submodules K,H of M such
that M = K ⊕ H,M = K + L, and L ∩ K ≪ K. Thus N = L + N ∩ K.
But by the previous Lemma N = N ∩K ⊕N ∩H , hence N ∩K is a direct
summand of N . Moreover, L ∩ (N ∩K) = L ∩K ≪ K. Then L ∩ (N ∩K)
is small in N ∩K, since N ∩K is a direct summand of M . Therefore N ∩K
is a supplement of L in N and it is a direct summand of N . So N is ⊕-
supplemented.
In the following section we will introduce the last kind of supplemented
modules in our work. Some more deﬁnitions and theorems are introduced to
complete the thesis.
4.5 ⊕-Coﬁnitely Supplemented Modules
Recall that if M is an R-module, then a submodule N is called coﬁnite if
M/N is ﬁnitely generated. we will begin by the following Deﬁnition.
Deﬁnition 4.5.1. An R-module M is called ⊕-coﬁnitely supplemented if
every coﬁnite submodule of M has a supplement in M which is a direct
summand of M .
Clearly ⊕-supplemented modules are ⊕-coﬁnitely supplemented. Since in
a ﬁnitely generated module every submodule is coﬁnite, so ﬁnitely generated
⊕-coﬁnitely supplemented modules are ⊕-supplemented modules .
In general, it is not true that ⊕-coﬁnitely supplemented module is ⊕-
supplemented:
The Z-module Q of rational numbers has not any proper coﬁnite submod-
ule. Thus Q is ⊕-coﬁnitely supplemented ( Q is the only coﬁnite submodule)
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but the Z-module Q is not torsion, so it is not supplemented(whence not⊕-
supplemented)[see [4] ].
The following Lemma gives a way to obtain ⊕-coﬁnitely supplemented
modules from just coﬁnitely supplemented ones.
Lemma 4.5.2 ([4], Lemma 2.1). Let M be a coﬁnitely supplemented module.
Then M/Rad(M) is ⊕-Coﬁnitely supplemented.
Proof. By Lemma 4.1.7, we have M/Rad(M) coﬁnitely supplemented as a
factor module of the coﬁnitely supplemented module M .
Moreover, any coﬁnite submodule ofM/Rad(M) has the formN/Rad(M)
where N is coﬁnite submodule ofM , hence there exists a submodule K ofM
such thatM = N+K and N ∩K ≪ K, hence N ∩K ≪M and so N ∩K ⊆
Rad(M). Thus
N
Rad(M) +
K + Rad(M)
Rad(M) =
N +K + Rad(M)
Rad(M) =
N +K
Rad(M) =
M
Rad(M)
and
N
Rad(M)∩
K + Rad(M)
Rad(M) =
N ∩ (K + Rad(M))
Rad(M) =
N ∩K + Rad(M)
Rad(M) =
Rad(M)
Rad(M) = 0
hence
M/Rad(M) = N/Rad(M)⊕ (K + Rad(M))/Rad(M), as required.
Some properties of ⊕-Coﬁnitely supplemented modules will be revealed
after some more notation and deﬁnitions.
Let {Lλ}λ∈Λ be a family of local submodules ofM such that each of them
is a direct summand of M . Loc⊕M will denote the sum of Lλs for all λ ∈ Λ.
That is Loc⊕M = ∑λ∈Λ Lλ. Note 0 is a local submodule of M .
Lemma 4.5.3 ([4], Lemma 2.2). Let M be an R-module. Then every max-
imal submodule of M has a supplement which is a direct summand of M if
and only if M/Loc⊕M does not contain a maximal submodule.
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Proof. (⇒) Suppose thatM/Loc⊕M contains a maximal submoduleN/Loc⊕M .
Then N is a maximal submodule ofM . By assumption there are submodules
L,H such that M = L ⊕ H and M = N + L and N ∩ L ≪ L. L is local
by Lemma 3.2.14. So L ⊆ Loc⊕M ⊆ N which is a contradiction since then
N + L = N ̸= M .
⇐) Let P be a maximal submodule of M . By assumption P does
not contain Loc⊕M . Hence there is a local submodule L that is a direct
summand of M such that L is not a submodule of P . By maximality of P ,
P + L = M and P ∩ L ̸= L(L * P ). So P ∩ L≪ L, since L is local.
A module M is said to have the summand sum property (SSP) if the sum
of two direct summands of M is again a direct summand of M .
The following theorem characterizes ⊕-coﬁnitely supplemented modules that
have the SSP.
Theorem 4.5.4 ([4], Theorem 2.3). Let M be an R-module with (SSP), then
the following statements are equivalent
1. M is ⊕-Coﬁnitely supplemented.
2. Every maximal submodule of M has a supplement that is a direct sum-
mand of M .
3. M/Loc⊕M does not contain a maximal submodule.
Proof. (1)⇒ (2) : Every maximal submodule is coﬁnite.
(2)⇒ (3) : By the previous lemma.
(3)⇒ (1) : Let N be a coﬁnite submodule of M . Then N + Loc⊕M
is a coﬁnite submodule of M by containing the coﬁnite submodule N , and
by (3), we have M = N + Loc⊕M . Because M/N is ﬁnitely generated,
there exist local submodules Lλi ∈ {Lλ}λ∈Λ, 1 ≤ i ≤ n for some positive
integer n, such that M = N + Lλ1 + ... + Lλn . Clearly N + Lλ1 + ... + Lλn
has a supplement 0 in M . By Lemma 4.1.4, there exists a subset J of
{λ1, λ2, ..., λn} such that ∑j∈J Lj is a supplement of N inM . By hypothesis,∑
j∈J Lj is a direct summand of M . Thus M is ⊕-Coﬁnitely supplemented.
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In the class of ⊕-supplemented modules, it has been shown that ﬁnite di-
rect sum of ⊕-supplemented is again ⊕-supplemented. Now we will present
a stronger result about ⊕-Coﬁnitely supplemented.
Theorem 4.5.5 ([4], Theorem 2.6). Arbitrary direct sum of ⊕-Coﬁnitely
supplemented R-modules is ⊕-Coﬁnitely supplemented.
Proof. Let Mi(i ∈ I) be any collection of ⊕-Coﬁnitely supplemented R-
modules. LetM =⊕i∈I Mi andN be a coﬁnite submodule ofM . ThenM/N
is generated by some ﬁnite set{x1+N, x2+N, ..., xk+N} and therefore M =
x1R + x2R + ... + xkR + N . Since each xi is contained in the direct sum⊕
j∈Fi Mj for some ﬁnite subset Fi of I, x1R+x2R+ ...+xkR ⊆
⊕
j∈F Mj for
some ﬁnite subset F = {i1, i2, ..., ir} of I. Then M = ⊕rt=1Mit +N. Clearly
M = Mi1 + (
⊕r
t=2Mit + N) has a trivial supplement in M . Since Mi1 is
⊕-Coﬁnitely supplemented, Mi1 ∩ (
⊕r
t=2Mit + N) has a supplement Si1 in
Mi1 such that Si1 is a direct summand in Mi1 . By Lemma 3.2.10, Si1 is a
supplement of (⊕rt=2Mit+N) in M. Note that sinceMi1 is a direct summand
ofM , Si1 is also a direct summand ofM . Continuing in this way, since the set
J is ﬁnite at the end we will obtain that N has a supplement Si1+Si2+...+Sir
in M such that every Sit(1 ≤ t ≤ r) is a direct summand of Mit . Since every
Mit is a direct summand of M , it follows that
∑r
t=1 Sit =
⊕r
t=1 Sit is a direct
summand of M .
As a direct consequence of the previous Theorem and the fact that every
⊕-Supplemented module is ⊕-Coﬁnitely supplemented, we have this corol-
lary.
Corollary 4.5.6 ([4], Corollary 2.7). Any direct sum of ⊕-Supplemented
modules is ⊕-Coﬁnitely supplemented.
Therefore any direct sum of hollow(local) modules is ⊕-Coﬁnitely supple-
mented.
In recent years various generalizations of the notions studied in this thesis
appeared in the literature. We mention here the deﬁnition of generalized
supplements.
Deﬁnition 4.5.7. Let K,L be submodules of a module M , we say that K is
a generalized supplement of L in M if M = K+L and K ∩L ⊆ Rad(K). M
is called generalized supplemented if every submodule of M has a generalized
supplement in M .
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All the notions and concepts studied in this thesis have their generalized
form in the same manner as generalized supplemented modules.
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Chapter 5
Rings For Which Some Classes
of Modules Are
⊕-Supplemented
In this chapter we study rings for which certain modules are ⊕-supplemented.
It turns out that a ring R is (semi)-perfect if and only if every (ﬁnitely
generated) free module is ⊕-supplemented.
Recall that an R-module M is ⊕-supplemented if for every submodule N
ofM there exist a summand K ofM such thatM = N+K and N∩K ≪ K.
An R-moduleM is called lifting ( or satisﬁes (D1) ) if for every submodule
N of M there are submodules K and H of M such that M = K⊕H,H ⊆ N
and N ∩K ≪ K. In fact another equivalent deﬁnition is given later on.
Every Hollow(local) module is lifting; let N ⊆M thenM = 0⊕M, 0 ⊆ N
and N ∩M = N ≪M .
Moreover every lifting module is ⊕-supplemented, for, if N ⊆ M then
with M = K ⊕ H,H ⊆ N,K ∩ N ≪ K then M = K + N , hence by
Lemma 3.1.2, K is a supplement of N which is a summand of M .
Now we are ready to give another deﬁnition of lifting module. Equivalent
for the former deﬁnition, an R-module is lifting if for every N ⊆ M there
exists a direct summand H of M such that H ⊆ N and N/H ≪ M/H.
For, assume the former deﬁnition, and let N/H + X/H = M/H for some
X/H ⊆M/H, then N +X = M . Since M = H ⊕K, then X = H +X ∩K.
NowM = N+X = N+H+X∩K = N+X∩K, implies, by the minimality
of supplement K, that X ∩K = K, i.e. K ⊆ X hence H +K = M ⊆ X. So
X = M and N/H ≪M/H.
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Conversely, assume the latter deﬁnition. It remains to show that N ∩
K ≪ K. Let K = X + N ∩ K for some X ⊆ K, then M = N + K =
N +X +N ∩K = N +X as N ∩K ⊆ N . Now N/H +(X +H)/H = M/H,
and since N/H ≪ M/H, we must have X +H = M . By the minimality of
a supplement(K is a supplement of H), we have X = K. So K ∩N ≪ K.
5.1 Perfect and Semiperfect Rings
Let P be an R-module. If M is an R-module, then P is called M -projective
in case for each epimorphism g : M → N and for each homomorphism
k : P → N there is a homomorphism h : P → M such that gh = k.
A module is said to be projective in case it is projective relative to every
module M . Every free module is projective.
Every module is a homomorphic image of a free(hence projective)module.
An epimorphism f : P →M with P projective is called a projective cover of
M if Kerf ≪ P .
A ring R is right (semi)perfect if every (ﬁnitely generated)R-module has
a projective cover. Also it is well known that for a ring R to be semi-perfect
it suﬃces that every simple R-module has a projective cover.
Theorem 5.1.1 ([9], Theorem 2.1). The following are equivalent for a ring
R
1. R is semiperfect.
2. Every ﬁnitely generated free R-module is ⊕-supplemented.
3. RR is ⊕-supplemented.
4. For every maximal right ideal A of R, there exists an idempotent e ∈
R− A such that A ∩ eR ⊆ Rad(R).
Proof. 1) ⇒ 2) Let R be a semiperfect ring. Let M be a ﬁnitely generated
free module. Let A ⊆M and P be a projective cover ofM/A with respect to
the small epimorphism f : P →M/A. Since M is free, M is projective so the
natural epimorphism pi : M →M/A is factored as pi = fh with a homomor-
phism h : M → P . Since fh(M) = pi(M) = M/A with f small epimorphism,
it follows by [3], Lemma 5.15, that h(M) = P . But P is projective so the
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epimorphism h : M → P must split i.e. M = B ⊕Kerh for some submodule
B of M , and P ∼= M/Kerh ∼= B.
Since pi = fh then A = Kerpi =Ker(fh) = h−1(Kerf). As Kerh ⊆ h−1(Kerf ,
then Kerh ⊆ A. So from M = B⊕Kerh we have M = A+B. Now consider
the restriction pi : B → M/A is a product of the isomorphism B → P and
the small epimorphism f : P → M/A, thus pi|B is a small epimorphism by
Lemma 2.3.3(1) i.e. Ker(pi|B) = A ∩B ≪ B. Thus M is ⊕-supplemented.
(2) ⇒ (3): Since RR is a ﬁnitely generated(cyclic) free R-module, then
by (2), RR is ⊕-supplemented.
(3) ⇒ (4): Let A be a maximal right ideal of R. By (3), there exists
a direct summand K of R such that R = A + K and A ∩ K ≪ K. There
exists an idempotent e in R such that K = eR. Clearly e ̸∈ A otherwise
A+K = A ̸= R. Moreover A ∩K ≪ K ⊆ RR, hence A ∩K ⊆ Rad(R).
(4)⇒ (1): Let M be any simple R-module, then M is generated by any
of its nonzero elements. Let 0 ̸= m ∈ M and B := {r ∈ R|mr = 0}. B is
a maximal right ideal of R by Corollary 3.9, of [3]. By (4) there exists an
idempotent e ∈ R−B such that B ∩ eR ⊆ Rad(R). Since eR * B and B is
maximal then R = eR+B. As RR is cyclic, Rad(R)≪ R and we have from
B ∩ eR ⊆ Rad(R) ≪ R,B ∩ eR ≪ eR, since eR is a direct summand of R.
Now eR/(B ∩ eR) ∼= (B + eR)/B = R/B ∼= M . So M has eR/(B ∩ eR) as
a projective cover.
Corollary 5.1.2 ([9], Corollary 2.2). A commutative ring R is semiperfect
if and only if every cyclic R-module is ⊕-supplemented.
Proof. ⇒ ) Let R be a semiperfect ring, then by the previous Theorem the
ﬁnitely generated free cyclic module is ⊕-supplemented.
⇐) Assume every cyclic R-module is ⊕-supplemented. Since RR is a
cyclic R-module, RR is ⊕-supplemented, so by the previous Theorem R is
semiperfect.
Theorem 5.1.3 ([9], Theorem 2.3). Let R be any ring and let M be a ﬁnitely
generated R-module such that every direct summand ofM is ⊕-supplemented.
Then M is a direct sum of cyclic modules.
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Proof. Suppose M = m1R+m2R+ ...+mkR for some positive integer k and
elements mi ∈M(1 ≤ i ≤ k). If k = 1 then the result trivially holds.
Suppose that k > 1, and the result holds for (k − 1)-generated modules
with the stated condition. There exist submodules K,H of M such that
M = K ⊕H , M = m1R +K and m1R ∩K ≪ K. Note that H ∼= M/K =
(m1R +K)/K ∼= m1R/(m1R ∩K), so that H is cyclic. On the other hand
K/(m1R∩K) ∼= (K+m1R)/m1R. So thatK/(m1R∩K) is a (k−1)-generated
module. Since m1R∩K ≪ K it follows that K is (k− 1)-generated module.
By induction step, K is a direct sum of cyclic modules. thus M = K ⊕H is
a direct sum of cyclic modules.
The following Corollary gives a characterization of⊕-supplemented ﬁnitely
generated modules.
Corollary 5.1.4 ([9], Corollary 2.6). Let R be a ring. Then every ﬁnitely
generated R-module is ⊕-supplemented if and only if
(i) every cyclic R-module is ⊕-supplemented.
(ii) every ﬁnitely generated R-module is a direct sum of cyclic modules.
Proof. ⇒ : i) Trivial. Every cyclic module is ﬁnitely generated.
ii) : For a ﬁnitely generated module M , every direct summand is ﬁnitely
generated, so the previous Theorem applies and M is a direct sum of cyclic
modules.
⇐ : By Theorem 4.4.2, any ﬁnite direct sum of ⊕-supplemented modules is
⊕-supplemented.
A commutative ring R is called FGC ring if every ﬁnitely generated mod-
ule is a direct sum of cyclic modules.
The following Proposition gives a class of rings whose ﬁnitely generated
modules are ⊕-supplemented.
Proposition 5.1.5 ([9], Proposition 2.8). Let R be a commutative ring.
Then the following statements are equivalent
1. Every ﬁnitely generated R-module is ⊕-supplemented.
2. R is a semiperfect FGC ring.
Proof. (1)⇔ (2) By Corollaries 5.1.2 and 5.1.4.
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So far we have proved that a ring R is semiperfect if and only if every
ﬁnitely generated free R-module is ⊕-supplemented.
At the end, we will prove a similar result for perfect rings.
Theorem 5.1.6 ([9], Theorem 2.11). A ring R is right perfect if and only if
every free right R-module is ⊕-supplemented.
Proof. ⇒) Let R be a perfect ring. Let M be any free right R-module. Let
A ⊆ M and P be a projective cover of M/A with respect to the small epi-
morphism f : P → M/A. Since M is free, M is projective so the natural
epimorphism pi : M → M/A is factored as pi = fh with a homomorphism
h : M → P . Since fh(M) = pi(M) = M/A with f small epimorphism,
it follows by [3], Lemma 5.15, that h(M) = P . But P is projective so the
epimorphism h : M → P must split i.e. M = B ⊕Kerh for some submodule
B of M , and P ∼= M/Kerh ∼= B.
Since pi = fh then A = Kerpi =Ker(fh) = h−1(Kerf). As Kerh ⊆ h−1(Kerf ,
then Kerh ⊆ A. So from M = B⊕Kerh we have M = A+B. Now consider
the restriction pi : B → M/A is a product of the isomorphism B → P and
the small epimorphism f : P → M/A, thus pi|B is a small epimorphism by
Lemma 2.3.3(1) i.e. Ker(pi|B) = A ∩B ≪ B. Thus M is ⊕-supplemented.
⇐) Assume (2). Let M be any R-module, then there exists an epi-
morphism h : F → M with F free module. Then by our assumption, for
Kerh ⊆ F , there exists a supplement K which is a direct summand of F .
Now the restriction of h into K,h|K : K → M is a small epimorphism as
M ∼= F/Kerh ∼= K/(K ∩Kerh) and K ∩Kerh≪ K since K is a supplement
of Kerh. So M has a projective cover hence R is perfect.
In fact an equivalent condition also for the previous Theorem is that the
R-module R(N) is ⊕-supplemented.([9], Theorem 2.10)
It was shown in Theorem 4.4.2 that any ﬁnite direct sum of⊕-supplemented
modules is ⊕-supplemented, but it is not generally true that any inﬁnite di-
rect sum of ⊕-supplemented modules is ⊕-supplemented.
Example 5.1.7 ([4], § 1). Let R be a semiperfect ring not right perfect.
Then the R-module RR is ⊕-supplemented by Theorem 5.1.1 but the R-
module R(N) is not ⊕-supplemented since R is not perfect.
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Relative to supple-
ments two classes of
modules are studied.
Supplemented mod-
ules
coﬁnitely supplemented modules
X closeness under ho-
momorphic images
X
X closeness under small
covers
X
X closeness under sup-
plements
X
X closeness under ﬁnite
(direct)sum
X
x; Example 3.2.13(4) inﬁnite sum X
supplemented mod-
ule
→ coﬁnitely supplemented
supplemented 8 coﬁnitely supplemented module
QZ
A ﬁnitely generated
module is supple-
mented
⇔ coﬁnitely supplemented.
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Relative to weak sup-
plements two classes
of modules are stud-
ied.
weakly Supple-
mented modules
coﬁnitely weak supplemented modules
X closeness under ho-
momorphic images
X
X closeness under small
covers
X
X closeness under sup-
plements
X
X closeness under ﬁnite
(direct)sum
X
x; Example 4.3.11 inﬁnite sum X
weakly supplemented
module
→ coﬁnitely weak supplemented
weakly supplemented 8 coﬁnitely weak supplemented module
Example 4.3.11
Supplemented mod-
ule
→ weakly supplemented
supplemented 8 weakly supplemented
QZ
Example 4.3.13
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Relative to ⊕-
supplements two
classes of modules
are studied.
⊕-Supplemented
modules
⊕-coﬁnitely supplemented modules
X closeness under ﬁnite
direct sum
X
x; Example 5.1.7 inﬁnite direct sum X
⊕-supplemented 9 factor module is ⊕-supplemented
Example 4.4.4
⊕-supplemented
module
→ ⊕-coﬁnitely supplemented
⊕-supplemented 8 ⊕-coﬁnitely supplemented module
QZ
A ﬁnitely gener-
ated module is
⊕-supplemented
⇔ ⊕-coﬁnitely supplemented.
⊕-supplemented
module
→ supplemented
Supplemented 9 ⊕-supplemented
Example 4.4.4
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